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Worked solutions

Worked solutions have been provided for all b 2450 is 2500 to two significant figures.
exercises and assessments from the textbook except Percentage error = 50 %100 = 2.04%
for questions that do not require working or where 0

the working has already been provided in the ¢ 50415 500 to two significant figures.

answer section of the textbook. Percentage error = ﬁ x 100 =0.8%
Exercise 1.2.4 2 First player’s percentage error is
1 a 60x20=1200 %XlOOZ;—OOXIOOZ“'.Z%
b 280 x6(1)0 28880 Second player’s percentage error is
c X oU= 258 — 250 _ 8 _
d 5000 x 30 = 150000 25s 0= gegx 100=ad%
e 0.8x1=08 So the second player had the smaller
f 0.2x500=100 percentage error.
2 a 4000 +20=200 3 a The maximum possible height is
b 8000 + 40 =200 9500 x 1.025 =9737.5m
¢ 900 +30=30 b The minimum possible height is
d 5500+ 10=550 9500 % 0.975 =9262.5m
f 600 < 0.2 = 3000 4 a Actual speed is Tt 118.2kmh™!
3 a 80+50=130 b Percentage error is
c 3+3=1 175 175
d 80+20=4
e 4 ><16800 _ 3%20 ~ 200 Exercise 1.3.1
105 1000 4 a 200x3000=2x10*x3x10}
f 7=T=250 =6x105
b 6000 x 4000 =6 x 10*x 4 x 10°
5 a 20mx6m=120m? =24 x10°
b (10mx5m)— (3mx2m) =2.4x107
~50-10=40m? ¢ 7 million x 20 =7 x 10°x 2 x 10!
¢ (30cm x 15¢m) — (10cm X 4cm) =14 x 107
=450 — 50 = 400 cm? =14x108
6 a 10cm X 10cm X 2cm = 200cm3 d 500 x 6 million =5 x 10?x 6 x 10°
b 20cm x 40cm X 5cm = 4000cm’ =30x10°
¢ (20cmx5ecm x 10ecm) + ((24 —4) cm x =3x10
10cm x 5cm) = 2000 cm? e 3 million x 4 million =3 x 10°x 4 x 10°
=12 x 1012
Exercise 1.2.5 =12x10"
f 4500 x 4000 = 4.5 x 10° 10°
1 a 984 is 980 to two significant figures. 5004 _ 41}8 ;106 X4
Percentage error = ﬁ x 100 =0.4% —1.8% 107
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WORKED SOLUTIONS

5 Distance = speed X time =
3x108x 8% 60=144%10=1.44 x 10"'m

6 a

b

(4.4 x10°) x (2 x 10°) = (4.4 x 2) x 10>
=8.8x 108

(6.8x107) x (3 x10%) = (6.8 x3) x 107
=20.4 x 101°
=2.04 x 101

(4x10°) x (8.3 x10°) = (4 x8.3) x 10°*
=33.2x 101
=3.32x 101

(5% 10%) x (8.4 x 1012) = (5 x 8.4) x 10°+12
=42 x 10!
=4.2x10%

(8.5 % 10%) x (6 x 10'%) = (8.5 x 6) x 10015
=51 x 10%!
=5.1x10%

(5.0 x 10'2)2 = (5.0 x 1012) x (5.0 x 1012)

= (5% 5) x 1012+12
=25x10%=2.5x%x10?

(3.8 x 108) + (1.9 x 109)
=(3.8+1.9)x10%°=2x 10?
(6.75 x 10%) = (2.25 x 10%)
=(6.75+2.25)x 10*=3x 10°
(9.6 x 10') + (2.4 x 10%)
=(9.6+2.4) x 1015 =4 x 10°

12
L8 x 10 _ (1.8+9)x 1027
9.0 X 10 — OZ X 105

=2 x 10*

11
232><—1O4:(2,3+9.2)>< 101+
9.2 x 10" _ 595 107

=2.5x%x10°

8
24 x10°_ 5 4. 6)x 1087

3
6x10" _ 4% 105
=4 x 104

(3.8 x 10°) + (4.6 x 10%)
= (38 x 10%) + (4.6 x 10%)
=42.6x 10*

=4.26x%x10°

(7.9 x10%) + (5.8 x 108)
= (79 x 10%) + (5.8 x 108)
=84.8 x 108

=8.48 x 10’

(6.3 x 107) + (8.8 x 10%)
= (630 x 10°) + (8.8 x 10°)
=638.8%x10°

=6.388 x 107

Jupiter

d (3.15 x 10%) + (7.0 x 10°)
= (3150 x 10%) + (7.0 x 109)
=3157 x 10°
=3.157 x 10°

e (53 x108) —(8.0x107)
= (53 x 107) — (8.0 x 107)
=45 x 107
=4.5x 108

f (6.5x107) — (4.9 x 109)
= (65 x 10°) — (4.9 x 10°)
=60.1x 10°
=6.01 x 107

g (8.93x 1010) — (7.8 x 107)
=(89.3 x 10%) — (7.8 x 10°%)
=81.5x 10°
=8.15x 1010

h (4.07 x 107) — (5.1 x 10°)
= (40.7 x 10°) — (5.1 x 10°)
=35.6x10°
=3.56 x 107

778 x 106 = 7.78 x 10%km
Mercury 58 x 10°=5.8 x 107km
Mars 228 x 10°=2.28 x 108km

Uranus 2870 x 10°=2.87 x 10%km
Venus 108 x 10 =1.08 x 108km
Neptune 4500 x 10° = 4.5 x 10°km
Earth 150 x 10 = 1.5 x 108km
Saturn 1430 x 106 =1.43 x 10°km

The list in the answers in increasing order
of magnitude is the 107 term, then 108 terms
listed by increasing value of a, and then 10°
terms listed by increasing value of a.

Exercise 1.7.1

1 a u2=u1+5=3+5=8,u3=8+5=13,

u,=13+5=18; arithmetic

b u=2u-4=2-4=-2,
uy=2x-2-4=-8,
u,=2x-8-4=-20; not arithmetic

c uy=—4u+1=1Lu=(-4x1)+1=-3,
u,=(-4x-3)+1=12+1=13
not arithmetic

d uy=3-u=3-5=-2,u,=3--2=5,
u,=3—5=-2; not arithmetic

e u,=-4+u =-4+8=4,u,=-4+4=0,
u,=-4+0=-4 arithmetic

fu=6-1u=6+3=9u,=6-3=3,

u,=6-1= 5; not arithmetic
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Exercise 1.7.2 3

2a

C

5,8,11, 14, 17

i Common difference is 3. From first term,
5=(3 x1) + constant, i.e. constant = 2.
So formula is u, = 3n + 2

ii 10th term, u;; = (3 x 10) +2 =32

0,4,8,12,16

i Common difference is 4. From first term,

= (4 x 1) + constant, i.e. constant = —4.

So formula is u, = 4n — 4

ii 10th term, u;, = (4 x 10) — 4 =36
1 1 1 21 41
iy
i Common difference is 1.
From first term, 1 = (1 x 1) + constant,

2
i.e. constant = —0.5.

So formula is u, =n — 0.5
ii 10th term, u;y=10-0.5=9.5
6,3,0,-3,-6
i Common difference is —3.
From first term, 6 = (—=3 X 1) + constant,
i.e. constant = 9.
So formula is u, = —3n+9
ii 10th term, u;y = (-3 x 10) + 9 =21
-1,-4,-1,2,5
i Common difference is 3.
From first term, —7 = (3 X 1) + constant,
i.e. constant = —10.
So formula is u, = 3n — 10
ii 10th term, u;; = (3 x 10) — 10 =20
-9,-13,-17,-21,-25
i Common difference is —4.
From first term, -9 = (-4 x 1) +
constant, i.e. constant = —5.

So formula is u, = —4n -5
ii 10th term, u;y = (=4 x 10) — 5=-45
5,9,13,17, 21

i Common difference is 4

ii From first term, 5 = (4 X 1) + constant,
i.e. constant=1.Sou =4n+ 1

il ugy=(4x50)+1= 201

0, ,2,_,4

i Common difference is 1

ii From first term, O = (1 X 1) + constant,
i.e. constant =—1. Sou =n-1

iii ugy = (1x50)-1=49

-10, , , _,2

i If sequence is arithmetic, 4d = 12,
i.e. common difference is 3

ii From first term, —10 = (3 X 1) + constant,

i.e. constant = —13.
Sou, =3n-13
iii ugy = (3 x 50) — 13 =137
=6,u,=10
i If sequence is arithmetic, 8d = 4,
i.e. common difference is 0.5
ii From first term, 6 = (0.5 X 1) + constant,
i.e. constant =5.5. Sou =0.5n+5.5
1111,150 (0.5x50)+55= 305
=-50, u,, = 18
i If sequence is arithmetic, 17d = 68,
i.e. common difference is 4
ii From third term, =50 = (4 X 3) + constant,
i.e. constant =—62. So u, = 4n — 62
iii ugy = (4 x50) — 62 = 138
=60, u, =39
i If sequence is arithmetic, 7d = -21,
i.e. common difference is —3
ii From fifth term, 60 = (=3 X 5) + constant,
i.e. constant = 75. So u, =-3n+ 75
(=3 x50)+75=-75

jhk 1/1.50 =

5 Bond pays for itself when total interest is $200.
Each year interest is 200 x 0.125 = $25.

It will therefore take (200 = 25)

= § years.

Exercise 1.7.2

2 a

Using S=

2(4

20

Z(% - 10) =2(-9.5+0) =95
9

1
2(311—50 - (3n - 50)

20
Y (3n - 50)
10
(47+10) g( —47-123)
—370+315_ -55

j ( 1440 +4)

:_(H+_j:M
202 2 4

Ifu,=-2,u,=10, then4d=12,ie.d=3
u =u,-3=-2-3=-5
u, = 3n + constant. Looking at u,,

—5 =3 x 1 + constant. So constant = —8.
Therefore u,,=3 x 20 - 8 =52

n
+u )
z(u u,)

103 6)=-15

—

33+
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4 WORKED SOLUTIONS

d 8,,=2(=5+52) = 10 x 47 = 470

4a S;,=2(u+u), ie 95=L0u +185).
So 5u;=95-92.5=125,ie u; =05
b u;=0.5u,=185.S09d=18,ie.d=12
¢ Looking at first term, 0.5 = 2 X 1 + constant.
So constant = —1.5.

S50=22(0.5 + 100 - 1.5) = 25 x 99 = 2475

5ad=9-m-(m-9)=m-9-G-3m).
So-2m+18=4m - 12,
i.e. 6m = 30, givingm=5.So d =8
b u;=3-3m=3-15=-12.
To find the constant: —12 = 8 X 5 + constant,
i.e. constant = —=52.

Sou = (8x1)-52=-44
c S,= §(“1+ u ) =5(-44 +[(8 x 10) - 52])
= 5(—44 + 28) = 5 x—16 = -80
6 a u=xu=2x So3d=2x-x=xied=2
b If u =24, 9d = 24 — x. Therefore from a,
3x =24 - x, giving x=06
¢ S;,=2(6+24)=5x30=150

7 ~176 :%(19 ~51), i.e. =176 = —16n.
Son=11

8 a Student’s proof
b 78= %(n +1), ie. 156 =n? +n.

Son’+n—-156=0,
ie. (n+13)(n—12) =0.
Taking the positive root, the number of
rows is 12.

¢ Ifn =19, number of bricks required is
D% 20=190
If n = 20, number of bricks required is
2 x21=210

So the maximum number of rows with 200
bricks is 19.

Exercise 1.8.1

2 a 2,6,18, 54
i Common ratiois6+2=3
ii 54x3=162,162x3 =486

iii Formula is = u ™. Sou_=2(3)*!

b 25,51,1
i Common ratio is 5 + 25 =
i 3X5= 35 5 X5 15 o
iii Formula is u, = u™". Sou = 25(%)

d -3,9,-27,81
i Common ratio is 9 + -3 =-3
ii 81 x—-3=-243,-243x-3=1729
iii Formula is u, =u ™" Sou =-3(-3)""

=

1
u =—6x 201

a u=—6x20=-6,1,=—6x 2 =—12,
u;=-6x2"=-24

b —768 =-6x 2", ie 271 =128 =2".
Son—1=7,ie.n=38

u,=—1, u,= 64

a —1x1 =064, ie 1’ =-64,giving r =4

b u =u,+-4 Sou =-1 +—4—%

¢ Usingu =up™ ! u,= %(—4)92 —-65 536

Exercise 1.8.2

1

lal+leligq2

8 4 2
. _1.1_
i T—Z.g—Z(n_l)
ii USingSnzulT—l,
r—
Slo:%(210—1)+(2—1)=1023

b —g+i-1+3-9

9
i r:%+—é=—3
ii UsingS:M,
" r—1
S =_l (—3—1)=59048=14762
9 3-1 36 9

c 5+75+11.25+16.875
i r=75+5=15
oo (150 —1)
ii 510—5—1.5 —

=566.65

d 10+1+0.1+0.01+0.001
i r=1+10=0.1

ii Using S = —ul(l — Tn),

=10(57.665 - 1)

1—r
(1 -0.119
S,,=1————=10+09
10 1-0.1

=1111111111
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Exercise 1.8.3

2a 1+3+9+...+2187
i u =1,r=3. Using unzulrn‘l,
2187 =31 je. 37=3n1
So7=n-1,i.e.n=8

5 (p-2),(p+1),(@p-2)
a (p=2)r=(p+1)(1)
(=p+ Dr=(2p-2) (2)

From (1) r:u

s .
i 5,=18 =1 6560+ 2 =3280 p-2
L 3-1 4 Substituting in (2),
bgtgts+..+lig (1-p)*=2(p-1)(p-2)
i ulzl,T=2.Usingunzulrn_l,ﬁzlzn_l, 1—2p+p2=2p2_6p+4
o > 5 0=pl—4p+3
je. 20=2"1So6=n-1,n=7
Nt 0=(p~1)(p-3)
ii S7=%ﬁ:7 Sop=3orp=1
_ - 1 b Ifp=3in(l),r=-3+1=-2
c 8-4+1 5 The term before (p — 2) is (p — 2) + -2
i u1=8,'r=—%. Usingun:ul'r”‘l, =1+-—2=-1
2
1 ol et Fu,=(p-2)=1
—=8[—= yle o= . c ltu;=(p )
3Az 1(23 ]2056 dc(l Zj 1 thenwithrz—z,ulzl+(—2)2:i
> s t s 1vi _ =
S 755 n must be odd, giving o = o o _ %((_2)8 _ 1) s
ie.8=n-1,n=9 87 91 T 127 4
@‘Fﬁ) Exercise 1.8.3
. 2 1 Xxercise 1.o.
i )= 8y =8(1+ 515) %2
2 1a 18+6+2+%+..‘
_ 513 2 _ 171 _ _1
—8Xm><§—§ 141—18,7‘—3
d i Number of terms is n S = “ =1—1=18x%=27
. w(r™ —=1) _ a@™ = 1) =71 1-3
i S=-1 = 3
e —1 r—1 b 8+4-2+1-...
5 1
n_ 2 5 w=-8r1==
3a§1:4 =4+42+ ... +4 o =2—81
5 © 1 _ __
=4(4—1)=4><1023=1364 I-r 1 sy
4 -1 3 :—8x§:—§
7 1,1 1
b 22(3)"‘2:%+2+6+... ¢ I+ +stom T
! 2027 w=1,r=L1
23(3 - D _ 2186 _ 728; ! 10
3-1 3 3 g -1 __w
8 8 3 o 19
zn—l Zn—l 2n—1 1- 0
¢ X=X 5
7 4 T 4 T4 d 7+2+7+E+
_1me_qy_1m3_1y_1 _ _ _2
—;(2 1) 1(2 1)—1(255 7) u1—7,r—7
_ 248 _ N U A N
—7—62 Sw—l_r—l_g—7><g_5
7
4 =1 u; =72 .
a uzxr3=u5,i.e.%ﬁ=72.80r3=216, 2 a ZG —ﬁ=%
ie.r=6 ()1‘1 4
S | 2
ﬁ<66 -1 46655 _ 9331 : 2
C S = = =
6 6—1 90 18
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6 WORKED SOLUTIONS

S-S0

1

1T L T2
I=3 I-3
~ 0.000381
o) 3
3§ ==t L_—¢

-1 1—7 w(l-7
So 42 —4r+1=0, ie, (2r—1)2=0,

3
L _1 —2_
g1v1ngr—iand“1_1_3
2
4M1+u2:12
g =™ __9 _n
[ 1—% 2

Exercise 1.9.1

1 Using I = Crn

100
a 1:300 X 6 X 4:NZ$72
100
b 1=190x8 X1 _ ¢420
100
c I=425X6X 42102¥
100
d I=2800 X 4.5x%x2 — 752 baht
100
e 1=880X06XT_ pre360.60
100
2 Usingn=m
T
_ 100 x 150 _
n==—-—"—"-===>5 years
500 x 6
_ 100 x 950 _
n==—"""-""=4 years
5800 x 4

_ 100 x 1500

= :5
"Tg000x 75 0V
po 100X 1904 g o

2800 x 8.5
e nz—loo al 243=6years
900 x 4.5
100 x 252 _
f n=—"""=—"=="7years
400 x 9
Usingr=m
n
'r=100x1120=70%
400 x 4
b o 100224 0
800 x 7
c T:M:3.5%
2000 x 3
4 2100X 675 _ o
1500 x 6
o ;2100 % 340 _ g0
850 x 5
¢ 100X 275 _ 10
1250 x 2
Usinngm
™
C =10 x80_ 450 Fe
4 x5
b C=100X36 _Nz4200
6x%x3

100 x 340

c C= 5 % 8 = €850

100 x 540

d C= 6x75 = 1200 baht
100 x 540

e C= 3% 45 = €4000
100 x 348

f C= 4 % 7.25 =0US$1200

1001 _ 100 x 400 _ 4o,

Cn 2000 x 5
_1OOI_IOO><56_2
=—=="""—" =17 years

Cr 350 x 8

, 1001 _100 x 108 _ , 5o,

Cn 480 x5

Interest is 1320 — 750 = €570
_100I _ 100 x 570 _ 9.5%

T Cn T 750 x 8
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Student assessment 3 (Topic 1) 7

9 7-Crn _1500 x 3.5 x 6 _ AUS$315 b Interest for each half-yearly period is %%

100 B 100 Interest after 18 months is
3 _ _
10 Interest is 830 — 500 = 330 baht 3600 x (1.0475)7 - 3600 = $537.75

_100I _ 100 x 330 _ 6% ¢ Interest for each month is 9.5 %
Cn 500 x 11

Interest after 18 months is

3600 x (1.007916)'8 — 3600 = $549.02

Exercise 1.9.2 10 a Interest = 960 x (1.075)% — 960 = €149.40

- _ )
1 Compound mte}:rest, I=C (1 + 100) C b Interest for each 6-monthly period is %5%
= 70(1 + i) —70=$11.03375 million Interest after 2 years is
100 960 x (1.0375)* - 960 = €152.30
=$11033750 ¢ Interest for each month is 22%

n

_ ) Interest after 2 years is
21=C (1 * 100) C 960 x (1.00625)% — 960 = €154.84

= 100000 x (1.15)% — 100000 = €52 087.50
3 Sum after 4 years = 5000 x (1.20)* = $10368

4 Number at the beginning of fourth year is
1000 x (1.1)? = 1331 students

Student assessment 2 (Topic 1)

5 a 4000 x30000=4x 10>x 3 x 10*
=12x 103 =1.2x 108
b (2.8 %x10%) x (2.0 x 10°) =5.6 x 10°73

Weight caught after 4 years is
8000000 x (0.8)* =3276800 tonnes

Let initial amount be u,

After 1 year debt is 1.42u,

After 2 years debt is 1.42 x 1.42uy = 2.016u,
So it takes 2 years for the debt to double.

Let initial amount be u,

After 1 year debt is 1.15u,

After 4 years debt is (1.15)%uy=1.75u,
After 5 years debt is (1.15)° uy=2.01u,
So it takes 5 years for the debt to double.

Let initial value be u,

Value after 4 years is (0.85)*u,= 0.522u,
Value after 5 years is (0.85)° u, = 0.444u,
Value after 4.5 years is (0.85)*° uy = 0.481u,
Value after 4.25 years is (0.85)%2° uy = 0.501u,
Value after 4 years and 4 months is (0.85)*33
uy = 0.495u,.

So it will take 4 years and 3 months (to the
nearest month) for the value to halve.

9 a After 1 year interest is 3600 x 0.095 = $342

In the next 6 months interest is

3942 x 2995 _ g1g87
Total interest after 18 months is $529

=5.6x108
¢ (32x10%) + (1.6 x10%) =2x104=2x10°
d (2.4 x108) + (9.6 x 10?) = 0.25 x 1082

=25x%x10°

6 Jupiter is 7.78 X 108km = 7.78 x 10" m from
the Sun.

Time to reach Jupiter is 7.78 x 10" + 3 x 108
1.78
3 x 60

=43.2 minutes
7 500 light years = 500 x 3 x 10° x 365 x 24 x
60 x 60km = 4.73 x 10 km

8 162000km = 162000 x 10°m
=162000 % 10’ m x 10’ mm
=1.62x10° x 10°=1.62 x 10" mm

9 7415000 mg = 7415g="7.415kg = Tkg
(to nearest kg)

seconds, i.e. x 1018 minutes

Student assessment 3 (Topic 1)

300 x 7 x 5:$105.
100
So total sum after 5 years is $405.
5 uy=27,u,=-1
a uy X1 =ugie 270

4 Using I = %, interest is
100

-1

i ]

So 1’ =—2i7, fe.r=—
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10 a

WORKED SOLUTIONS

u
u, :_23:21_72243
T 1 §
un:_a .
If ug=—1,-1x (_%) = —é which gives

x=4.Son=6+4= 190
Using S, = %(u1+ u), 2(411 - 15)

1
=(-11+25)=5x14=70
18 18 4
Y -5n+100 = Y, ~5n + 100 — Y, ~5n + 100
5 1 1
=9(95 + 10) - 2(95 + 80)
=(9x105) - (2x175) =595

If u;=—6,u,,=15, then 7d =21, ie. d=3

b u =u;—2d,ieu=-6-6=-12

If u, =15, u,y= 15+ 10d =15 + 30 = 45
Using S = %(ul +u ), S,0=10(=12 + 45)
=10x 33 =330

d=0Cm+1)-(2m+2)=(5m-5)-3m+1)
Som—-1=2m-6,ie. m=5andd=4

u, =uy—2dand u; =2m+ 2 =12.

Sou, =12-(2x4) =4

u = 4n + constant.

As u; =4, constant = 0 so u , = 40

S1o="0 (4+40) =5 x 44 =220

i 102" 1) =10240, i.e. 21 =1024 = 21°,
Son—-1=10,ie.n=11

11 _
i 5, =105 =10 2047 = 20470

i 1282 = L e (= S
Son-1=12,ie.n=13

=)

i 5, = 128 ——

2
1 2 _ 2731
_128(1+@)x3_?
5 5
33 =38 =D _ 363
1 31
9 9 2
2371—2 B 2311—2 3 23n—2
3 5 1 5 1 5
3o oy 3
:5(3 D 50 1):@
3_1 3_1 5

Student assessment 4 (Topic 1)

1

10 % (1 4 )19 =40 x 109,
giving 1 +r=1.1642. Sor=0.1642 = 16.4%

$1000000 = €1000000 + 1.35
=£1000000 + 1.35 + 1.32 = £561 167

Simple interest over 10 years is 10 x 0.1, i.e.
100% of initial sum

Compound interest is (1.1)1° - 1=2.59 - 1
=1.59, i.e. 159% of initial sum

So difference is 59%

In 3 years population would be

86000 x (1.05)* =99555

In 4 years population would be

86000 x (1.05)* = 104533

So population would exceed 100000 for the
first time during 2001

a Simple interest
=3000000 x 0.08 x 2 = €480000
b Compound interest
=3000000 x (1.08)% — 3000000 = €499 200

After 3 years house is (1.2)% = 1.728 times
initial value

After 4 years house is (1.2)* = 2.07 times initial
value, i.e. it doubles in value after 4 years.

After 7 days population is (1.1)7 = 1.95 times
initial population

After 8 days population is (1.1)% = 2.14 times
initial population, i.e. the population doubles
after 8 days.

a Simple interest
=5x%0.06 x 3 = €0.9 million = €900000
b Compound interest
=5x(1.06)% = 5 = €0.95508 million
=€955080
¢ Compound interest calculated quarterly

=5x(1.015)1? - 5 =€978091

After 4 years boat is (0.85)%=0.52 times its
initial value

After 5 years boat is (0.85)° = 0.44 times its
initial value, i.e. it takes 5 years to halve

in value.

Student assessment 5 (Topic 1)

1

100000 x (1 + )7 = 140000000
(1 + )57 = 1400, which gives 1 +r=1.136, i.e.
r=0.136 or 13.6%
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Exercise 3.7.6 9

£1000000 = €1000000 x 1.32
=$1000000 x 1.32 x 1.35 = $1 782000

12.5% simple interest for 20 years

=0.125 x 20 = 2.5 times initial sum

12.5% compound interest for 20 years
=(1.125)2° — 1 = 9.55 times initial sum
Percentage difference is 955% — 250% = 705%

After 9 years population = 800000 x (1.15)°
=2814301
After 10 years population = 800000 x (1.15)!°
=3236446
So population would exceed 3000000 for the
first time in the tenth year, i.e. in 2007

a Simple interest = 5000000 x 0.05 x 12
= €3 000000
b Compound interest
= 5000000 x (1.05)'? — 5000000
=€3979282

After 5 years value is (1.125)° = 1.80 times its
initial value

After 6 years value is (1.125)° = 2.03 times its
initial value — so it will take 6 years to double
in value.

After 10 days the population is (1.07)°

= 1.967 times its initial value

After 11 days the population is (1.07)! = 2.10
times its initial value — so it will take 11 days
for the population to double.

a Simple interest = 4000000 x 0.085 x 3
=$1020000
b Compound interest
=4000000 x (1.085) — 4000000
=$1109000

¢ Quarterly rate = %5 =2.125%

Compound interest calculated quarterly
=4000000 x (1.02125)'2 — 4000000
=$1148000

After 10 years value is (0.88)1°=0.279 times
its initial value

After 11 years value is (0.88)!! = 0.245 times
its initial value — so it will take 11 years before
the car is only worth 25% of its original value.

Exercise 3.7.6
4 a Yes

b i P(AuB) =0.1

5

i PPAUB)=1-P(AUBY =1-0.1=09
iii P(AUB)=P(A)+P(B) - P(A ~ B)
0.9=0.7+0.5—P(A N B)
(AnB)=12-09=03
iv P(A\B)=PANB) _ 35 _ ¢
P(B) 0
P(BAL)=0.75x 0.9 = 0.675
P(B’ ~L)=025x08=0.2
P(L)=P(BAL)+P(B AL)
=0.675+0.2
_ O.875P(B .
M
d P@\L) = MO
_ 0675
0.875
0.77(2 d.p.)

Driving test (X)

Pass
Fail 0.9

0.815

o ot e

Drama exam (Y)

0.73

Pass

0.27 Fail
0.05 _ 0.185 Fail  0.05
0.27

Given information:
P(X)=0.73
P(Y)=09=PXNY)+P(X"'NnY)
PX'nY’)=0.05
We are required to calculate P(Y \ X)
_P(Y A X)
P(Y\X)= )

PY N X)=09 -PX NnY)
=0.9 - (0.27 x 0.815)
=0.68

So, P(Y \ X) = 268
0.73
=0.93

Let 1 = Gold in 100 m freestyle
Let 2 = Gold in 200 m freestyle
Information given:
P(1) =0.6
P(2)=07(=P(1 Nn2)+P(1"n2))
P(1’n2)=0.1

P(1n2)

We need P(2\1) = W

P(1n2)=0.7-(04x0.75) =04

0.4
SoP(2\1)=2% 066
o PCAD =15
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10 WORKED SOLUTIONS

Exercise 5.1.4

1a

Gradient = T=1_6_ 2
4-1 3
So equation isy = 2x+ ¢
Substituting (1, 1): 1 =2 +¢, i.e.c=-1
Soi)y=2x—1orii) 2x—y—1=0
Gradient = 10-4_6_
3-1 2
So equation is y =3x+ ¢
Substituting (1,4): 4=3 +c,ie.c=1
Soi)y=3x+1orii)3x—-y+1=0
Gradient = 1=5_ 2
2-1
So equation isy = 2x+ ¢
Substituting (1, 5): 5=2 +c¢, i.e.c=3
So i) y=2x+3 orii) 2x—y+3=0
Gradient= L= -3
3 -0 3
So equation isy = x + ¢
Substituting (0, —4): -4 =¢
Soi)y=x—4orii) x—y—4=0
0-6_4
2-1
So equation is y =4x + ¢
Substituting (1, 6): 6 =4 +c, i.e.c=2
Soi)y=4x+2orii) 4x-y+2=0
Gradient = 4-3_ -1
0-1
So equation isy =—x + ¢
Substituting (0, 4): 4 =
Soi)y=-x+4orii) x+y—4=0
Gradient= 4 =18 _14 _ 5
3-10 -7
So equation is y =—2x+ ¢
Substituting (3, —4): -4 =—6 +c,i.e.c=2
Soi)y=—2x+2orii) 2x+y—-2=0
Gradient = -4 3 -3
0-1 -1
So equation is y =-3x+ ¢
Substituting (0, —=1): =1 =0+, i.e. c=-1
Soi)y=-3x—1orii) 3x+y+1=0
Gradient=2=0 =1
10-0 2
So equation is y = %x +c

Substituting (0, 0): 0 =
So i) y=%xorii) x=2y=0

~

Gradient =

. -3 _1
Gradient = 4 ==

2 - —5 7
So equation is y = fx +c

Substituting (2, 4). 4== + c,i.e.c= ?

Soi)y= fx+—or11)x Ty+26=0
Gradlent—é1r —=1_6
4 - —36 7

So equation isy =7x+ ¢
Substituting (4, 4): 4——+c ie. c:%
Soi )y—7x+7orn)6x—7y+420

Gradient = _61 ____37 = g = %

So equation is y = %x +c
Substituting (~1, 6)~6=_§+c, ie. c=%

Soi)y fx+—or11)3x—2y+15 0

22
5-—4_

Gradient =
2

So equation is y =9x + ¢
Substituting (2, 5): 5=18 + ¢, i.e. c=—13
Soi)y=9x—13 orii) 9x—y-13=0

Gradient = 4-0_ 4__1
3-5 8 2
So equation is y = lx +c

. 5
+c ie,c==

Substituting (5, 0): O = —2 )

Soi)yz—%x+§orii)x+2y—5=0

Gradient = 64——_—77 = %

So equation is y = —ix +c

Substituting (6, 4): 4 =_18 St e, c= %
So i) y——ﬁx+—orn) 3x+ 13y-70=0
Gradient = 2-1_ 0

So equation is_y:cwithczz
Soi)y=2orii)y—2=0
-3 _ 9.3

Gradient = 6 =
2 -1 3

So equation isy = -3x+¢

Substituting (1, =3): -3 =-3 + ¢, i.e.,,c=0
Soi) y=-3xorii) 3x+y=0

6-——4_10
6-6 0
So equation is x = ¢ with c =6

Soi) x=6o0rii) x—6=0

Gradient = i.e. a vertical line
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Exercise 5.1.6 11

Exercise 5.1.6
1ax+y=6 (1)

x—y=2 (2)
(1) +(2): 2x=8,ie,x=4
In(l):4+y=6,s0y=2

x+y=11 (1)
x—y-1=0 (2)
(D +@2):2x—-1=11,ie,2x=12,x=6
In(1):6+y=11,5s0y=5

x+y=5 (1)
x—y=1 (2)
(1) +(2): 2x=12,ie.,x=6
In(1):6+y=5s0y=-1

2x+y=12 (1)
2x—vy=8 (2)
(1) +(2): 4x =20, i.e.,x=5
In(1):10+y=12,s0y=2
3x+y=17 (1)
3x—y=13 (2)
(1) +(2): 6x=30, i.e.,x=5
In(1):15+y=17,s0y=2
S5x+vy=29 (1)
S5x—y=11 (2)
(1) +(2): 10x=40, i.e., x=4
In(1):20+y=29,s0y=9

3x+2y=13 (1)
4x=2y+8 (2)
Rearrange (2): 4x — 2y =8

(1) +(2): 7x=21,ie,x=3
In(1):94+2y=13,2y=4,s0y=2

6x +5y=02 (1)
4x—5y=8 (2)
(1) +(2): 10x=70, i.e.,, x=7
In(2):28=5y=8,5y=20,s0y=4
x+2y=3 (1)
Sx—2y=6 (2)
(1) +(2):9x=9,ie,x=1
In(1):1+2y=3,2y=2,s0y=1
Ix+3y=124 (1)
x—3y=-14 (2)
(1) +(2): 10x=10, i.e.,, x=1
In(1):9+3y=24,3y=15,s0y=5
Tx—y=-3 (1)
4x+y=14 (2)
() +@2): 11x=11,ie,x=1
In(2):4+y=14,5s0y=10

3x=5y+ 14 (1)
6x + 5y =58 (2)
(1) +(2): 9x+5y=5y+ 72, i.e., 9x= 172,
so x =8

In(1):24=5y+14,5y=10,s0y=2

x+y=14 (1)
x+y=9 (2)
(2): x2: 2x+2y=18 (3)
B)-():y=4
In(1):2x+4=14,2x=10,s0x=5
5x+3y=29 (1)
x+3y=13 (2)

(1) = (2): 4x =16, ie., x=4
In(2):4+3y=13,3y=9,s0y=3

4x + 2y =50 (1)
x+2y=20 (2)
(1) = (2): 3x =30, i.e.,, x=10

In (2): 10+ 2y =20, 2y = 10, 50 y = 5
x+y=10 (1)
3x=—y+22 (2)
Rearrange (2): 3x +y =22 (3)
3)-(1):2x=12,ie,x=6
In(1):6+y=10,s0y=4

2x+5y=128 (1)

4x + 5y =36 (2)
(2) = (1):2x=8,ie,x=4
In(1):8+5y=28,5y=20,s0y=4

X+ 6y=-2 (1)
3x+6y=18 (2)
(2) - (1): 2x=18--2,2x =20, i.e., x=10
In(1): 10+ 6y=-2,6y=-12,s0y=-2

x—y=1 (1)
x—y=6 (2)
(2)-(1):x=5
In(1):5-y=1,s0y=4%

3x—2y=38 (1)
Ix—-2y=4 (2)
(1)-(2):x=4
In(1):12-2y=8,2y=4,s0y=2
Tx—3y =26 (1)
2x-3y=1 (2)

(1) = (2): 5x=25,ie,x=5
In(2):10-3y=1,3y=9,s0y=3

x=y+7 (1)
3x—y=17 (2)
Rearrange (2): 3x =7y + 17 (3)

3)=(1): 2x=10, i.e.,, x=5
In(1):5=y+7,s0y=-2
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12 WORKED SOLUTIONS

8x—2y=-2 (1)
3x—2y=-17 (2)
(1)-(2):5x=-2+17,5x=5,ie,x=1
In(1):8-2y=-2,2y=10,s0y=5

4x—y=-9 (1)
Tx—y=-18 (2)

(2) =(1):3x==18+4+9,3x=-9, ie.,, x=-3
In(1):-12—y=-9,s0y=-3

x+y=-7 (1)
x—y=-3 (2)
(1) +(2): 2x=-10, i.e., x==5
In(l):5+y=-7,s0y=-2

2x+3y=-18 (1)
2x=3y+6 (2)
Rearrange (2): 2x—-3y=06 3)

()+(3):4x=-12,ie,x=-3

In(2): =6=3y+6,3y=-12,s0y=—-4
5x—3y=9 (1)
2x+3y=19 (2)
(1) +(2): 7x=128,ie.,x=4

In (2):8+3y=19,3y=11,50y="=32
Ix+4y=42 (1
9x —4y=-10 (2)
(1) +(2): 16x=32,ie,x=2
In(1):14+4y=42,4y=28,s0y="17
4x—4y=0 (1)
8x+4y=12 (2)
(1) +(2): 12x=12,ie,x=1
In(1):4-4y=0,s0y=1

x—3y=-25 (1)

5x —3y=-17 (2)
(2) = (1):4x=-17—--25,4x=8,ie.,x=2
In(1):2-3y=-25,3y=27,s0y=9

2x+3y=13 (1)
2x-4y+8=0 (2)
Rearrange (2): 2x — 4y = -8 (3)
(1) =(3): 3y ——4y=13 - -8, 7y =21,
ie,y=3
In(1):2x+9=13,2x=4sox=2
2x+4y =50 (1)
2x+vy=20 (2)

(1) = (2): 3y=30,ie.,y=10

In(2): 2x+10=20, 2x=10,s0 x=5
x+y=10 (1)
3y=22-x (2)
Rearrange (1): x=10 -y

Substitute into (2): 3y =22 — (10 — )
2y=12,ie.y=06
In(1):x+6=10,s0x=4

5x+2y=128 (1)
5x + 4y =36 (2)
(2)=(1):2y=8,ie,y=4

In (1): 5x + 8 =28, 5x=20,s0 x =4

—4x =4y (1)
4x -8y =12 (2)
From (1) y=—x

In (2):4x+8x=12,ie,x=1andy=-1
3x=19+ 2y (1)
-3x+5y=5 (2)
(1) +(2): 0+5y=24+ 2y, i.e, 3y =24,
soy=38

In (1): 3x=19+16, 3x =35, 50 x= > = 112
3x+2y=12 (1)
—3x+9y=-12 (2)

(1) +(2): 11y=0,ie,y=0
In(1):3x=12,s0x=4

3x+5y=29 (1)
3x+y=13 (2)
(1) = (2):4y=16,ie,,y=4
In(2):3x+4=13,3x=9,s0x=3
—Sx+3y=14 (1)
5x + 6y =58 (2)
(1)+(2):9y=172,ie,y=8

In (2): 5x + 48 =58, i.e., 5x=10,50 x =2

—-2x+8y=6 (1)
Ix=3-—y (2)
(1)+(2):0+8y=9—1y,ie,99=9,
soy=1

In(2):2x=3-1,2x=2,s0x=1

Exercise 5.1.7

1a2x+y=7 (1)
3x+2y=12 (2)
(1) x2:4x+2y=14 (3)
3)-(2):x=2
In(1):4+y=7,50y=3
S5x+4y=121 (1)
x+2y=9 (2)
(2)x2:2x+4y=18 (3)

(I)=(3):3x=31e,x=1
In(2):1+2y=9,2y=8,s0y=4

x+y="7 (1)
3x+4y=123 (2)
(1) x 3:3x +3y=21 (3)
(2)-B)y=2

In(1):x+2=7,50x=5
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2x—=3y=-3 (1)
3x+2y=15 (2)
(1) X 2: 4x — 6y=-6 (3)
(2) x3:9x + 6y =45 4)

3)+(4): 13x=391ie.,x=3
In(1):6-3y=-3,9=3y,s0y=3

4x=4y+8 (1)
x+3y=10 (2)
(2) x4:4x+ 12y =40

4x=-12y + 40 (3)

(1)=(3):0=16y-32,16y=32,ie,y=2

In(1):4x=8+8=16,s0x=4

x+5y=11 (1)
2x—2y=10 (2)
(1) x2: 2x+ 10y =22 (3)

3)=(2):12y=12,ie,y=1
In(l):x+5=11,s0x=6

x+y=5 (1)
3x—2y=-5 (2)
(1) x2: 2x+2y=10 (3)

(1) +(2):5x=5,ie,x=1
In(l1):1+y=5,s0y=4
2x—2y=6,ie,x-y=3 (1)
x—5y=- (2)
(1)=(2):4y=8,ie,y=2
In(1):2x—4=6,s0x=5

2x+3y=15 (1)
3x+2y=15 (2)
(1) x3: 6x+ 9y =45 (3)
(2) x 2: 6x + 4y =30 4)

(3) = (4):5y=15,ie,y=3

In(1): 2x+9=15,s0x=3

x—6y=0 (1)
3x=3y=15,ie,x—y=5 (2)
(2) = (1):5y=5,ie,y=1
In(1):x—6=0,s0x=6
2x—5y=-11 (1)
3x+4y=18 (2)
(1) x 3: 6x — 15y =33 (3)
(2) x 2: 6x+ 8y =36 4)
(4) —(3): 23y=69,ie,y=3
In(2):3x+12=18,3x=6,s0x=2
x+y=5 (1)
x—2y=-2,ie,x-y=-1 (2)
(1) +(2): 2x=4,ie,x=2
In(1):2+y=5,s0y=3

3 a

-2x+3y=9 (1)
3x+2y=6 (2)
(1) x 3: =6x + 9y =27 (3)
(2)x2:6x+4y=12 4)

(3) + (4): 13y =39, ie.,y=3
In (2):3x+6=6,s0x=0

x+4y=13 (1)
3x—3y=9 (2)
(1) x3:3x+ 12y =39 (3)

(3) = (2): 15y =30, i.e.,y=2
In(1):x+8=13,s0x=5

2x—3y=-19 (1)
3x+2y=17 (2)
(1) x 2: 4x — 6y =-38 (3)
(2) x3:9x+ 6y =51 (4)

3)+(4): 13x=13,ie,x=1
In(2):34+2y=17,2y=14,s0y=17

2x—5y=-8 (1)
—3x—2y=-26 (2)
(1) x3: 6x—15y=-24 (3)
(2) X 2: —6x — 4y =-52 4)

(3)+(4): =19y =-76,ic,y=4

In(1):2x-20=-8,2x=12,s0 x=6
5x—2y=0 (1)
2x+5y=129 (2)
(1) x5:25x =10y =0 (3)
(2) x2: 4x+ 10y =58 (4)
(3) + (4): 29x =58, ie., x=2
In(1):10-2y=0,2y=10,s0y=5
x+8y=3 (1)
3x—2y=9 (2)
(2) x 4: 12x - 8y =36 (3)
3)+(1): 13x=39, ie,x=3
In(1):3+8y=3,50y=0

4x+2y=5 (1)
3x+06y=06 (2)
(1) x3: 12x+ 6y =15 (3)
3)=(2):9x=9,ie,x=1
In(1):4+2y=550y=0.5
4x+y=14 (1)
6x—3y=3 (2)
(1) x3:12x+3y=42 (3)

(2)+(3): 18x =45, 2x=5,i.e.,x=2.5
In (1): 10+y=14,s0y=4

10x—y=-2 (1)
—15x+3y=9 (2)
(1) x3:30x = 3y =—6 (3)

(2)+(3): 15x =3, i.e., x=

1
5
In(1):2-y=-2,s0y=4

13
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14 WORKED SOLUTIONS

d 2x-2y=05 (

6x+3y=6 (2

(1) x3:6x—6y=1.5 (
(2)-(3):9y=45, ie, y=%
In (1): 2x=1=05, 2x= 15,50 x =
e x+3y=6 (
2x—=9y=1 (
(1) % 2: 2+ 6y = 12 (
(3) = (2): 15y=5, i.e,y =3
In(l):x+1=6,s0x=5
f 5x-3y=-0.5
3x+2y=35
(1) x 2: 10x— 6y=—1
(2) x3:9x+ 6y=10.5
(3)+(4): 19x=9.5, i.e., x :%
In(2):1.5+2y=3.5,s0y=1

Exercise 5.2.1
1 a tan58° _E x=12tan58°=19.2cm

b cosl5°=@,y: 14.6 =151cm
y cos15°
c sin22°:m,k:16—’4:43.8cm
k sin 22°
d sm45°—45,c—455m45 =31.8cm
e tan56° = 92 =i=6.2cm
X tan 56°
f cos81°=—% a=13.7cos81°=2.1cm
13.7’
8.1
2 a cosx 573
x=cos‘1(ﬁ) 81.1°
52.3
b tanx=3
4
x=tan"%(2) = 63.4°
C sinng

o o6 o e

-t

15.2 [=_152

tan38°=—= [ = =195cm
l tan 38°

14
cosa =g

a= cos™ (%) =42.5°

ZX? =XY?+ YZ?

ZX =~/12% + 17° =20.8km

12tan YZX =17
vZX = tan”! (1) = 54.8
Bearing is 180 + (90 — 54.8) =

250co0s24° = 228km

2505in24° = 102 km

180c0s55° = 103 km

180sin55° = 147km

GJ? = (103 + 228)2 + (102 +147)?
GJ =415km

(103 + 228) tan x = 102 + 147

_ —1&)_ o
X = tan (331 =37

Bearing is 180 + 37 = 217°

215.2°

Height of small tree = 8tan40° = 6.7m
Height of tall tree = 6.7 + 205in40° = 19.6 m
Horizontal distance between trees =

20cos40° =153 m
9cosSQR =6
angle SQR = cos‘l( ) 48.2°

angle PSR = 90° (SR parallel to PQ),
so angle PSQ =90 — 48.2 = 41.8°
PQ =12sin41.8°=8.0cm

d PS=12co0s41.8°=89cm

9 AB =6 tan 60° —
10 a Height = 130tan60° = 225m

Area PQRS = area PQS + area SQR

= (§x12x85in48.2°) + (1 x 12 x 95in48.2°)

=76.0 cm?

Vertical height = 1 x sin 20°
=342m

Horizontal distance =1 X cos 20°

=940m
6 tan 30° = 6.9km

=0.342km

=0.940km

If x is the angle at B, 130 tan 60° = 200 tan x

So x= tan‘l(w) =48.4°
200
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Exercise 5.3.3

1 Using the sine rule

x _ 12
sin40°  sin 60°
X = 125in40° _ 8.9 cm
sin 60°
x _ _20
sin20°  sin130°
X = 20sin 20° _ 8.9 cm
sin130°
x =
sin35°  sin(180 — 25 — 35)°
X = 9sin 35°
sin120°
In the isosceles triangle equal angles are
40°. So unmarked acute angle in small
triangle is (80 — 40) = 40°. Let y be the side
common to both triangles. By the sine rule,

y 3

sin110°  sin 30°
_ 3sin110°
sin 30°
In the large triangle,
Yy X
sin40°  sin100
_ 3sin110°sin100°
sin 30°sin 40°
sin@ _ sin20°
8 5
6 = sin™! @ =33.2°

= 6.0 mm

= 8.6cm

sin€ _ sin 30°

35 22
_135sin 30°

22

0 is obtuse = 127.3°
sin€ _ sin 60°

9 8
0 = Sin_19sin 60°

0 = sin

=52.7° or (180 - 52.7)°

= 77.0°

Let side opposite to 0 be x. Then
x 71
sin50°  sin40°

By the sine rule again,
sin@ _ sin30°
x 6
7sin 50°sin 30°
6sin 40°
9 = sin-! (7 sin 50°sin 30°
6in 40°
sin ABC _ sin 20°
0 8

sin ABC =0.4275
ABC can be 25.3° or (180 — 25.3) = 154.7°

sin QORP _ sin 40°
6 4

QRP =sin~! (—6 sin 400)
4

and (180 — 74.6) = 105.4°

sinf@ =

) = 44.0°

=74.6°

Exercise 5.3.4

1 Using the cosine rule,

a

b

xt =32 422 - (2x3x2 xcos 140°)
x=4.7Tm
xt=10%+ 62— (2 x 10 X 6 X cos 95°)
x=12.1cm

xt =152+ 72— (2 x 7% 15 X cos 25°)
x=9.1m

xt =42+ 42 — (2 x4 X 4 X cos 45°)
x=3.1cm
xt=524+ 7' - (2xTx5xcos 125°)
x=10.7m

2 Using the cosine rule,

a

402 =20% 4+ 252 — (2 x 20 x 25 X cos )
20% + 25 —402)

= cos ! S XL Z D | p)5 00

0 COS(ZXZOXZS 1251

52=22442—(2x4x2xcos0)
22+ 4 -

— 1|« T — “ | _ o

6 = cos ( Xl x 4 j—lOS.Z

Let the obtuse angle be

152=92+92 - (2x9x9 X cos @)
92+92—15Z)

= cosl| 2= 212,90

Qcos(zx9><9 112.9

As triangle is isosceles,
=2(180 - 112.9) = 33.6°
152=42+182 - (2 x4 x 18 X cos 0)

42 + 18 — 152)
— —1 — o
6 = cos ( T 4 x 18 37.0
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16 WORKED SOLUTIONS

e 152=102+7* - (2x10x 7 x cos 0)

1w+ﬁ—wj

= 71 —_— = °

0 = cos ( Tx10 X7 122.9

3 a XZ2=40%+24% — (2 x40 x 24 x cos 80°)
XZ=42.9

b 42.97=20%+30% — (2 x 20 X 30 X cos ZWX)

202 + 307 — 42.92)
2% 20x 30

Angle ZWX = cosl(
=116.9°

¢ Using the sine rule,

sin WZX _ sin116.9°

20 42.9

Angle WZX =sin™! (205122—1;69) =24.6°
d Using the sine rule,
sin YZX _ sin 80°
24 42.9
Angle YZX = sin"! (245}1%980) = 33.4°

e Angle WZY = angle WZX + YZX
=24.6+33.4=58°
Using the cosine rule,
WY? =307 + 407 — (2 x 30 X 40 X cos 58°)
WY =35.0m

4 BC? =220%+450% — (2 x 220 x 450 x cos 55°)
BC =370m (to nearest 10m)

5 a Equating expressions for the height:

AXsin60° = AYsin45° (1)
We also know that
AXcos60° + 200 = AY cos45° (2)

Substituting for AX in (2):
AY sin 45° cos 60° +200 = AY cos45°

sin 60°
AY (cos 450 — n457c0s60° 6O°) = 200
sin 60°
AY =669m
b Substituting back into (1) in part a
AX = 669 x 04° _ 5461
sin 60°

¢ Height of cliff = AY sin 45° =473 m

6 Using the cosine rule,
Distance? = 40?4+ 502 — (2 x 40 x 50 X cos 110°)
Distance = 73.9m

Exercise 5.3.5

1la

b
c
d

Area=0.5 x 20 x 14 x sin30° = 70.0cm?
Area=0.5x 12 x 12 x sin80° = 70.9 mm?
Area=0.5 x40 x 35 xsin10° = 121.6 cm?
Area=0.5 x 8 X 6 x5in135° = 17.0cm?

2 a 40=05x12x%x16xsinx
x = sin‘l(%) = 24.6°
b 20=0.5%9 x x X sin160°

x = _20x2 =13.0cm
9sin 160°
¢ 150=0.5x15 x x x sin60°
x=-2 _231m
sin 60°

d 50=0.5x%x 14 x 8 x sinx

— in-[ 20 ):632°
X Sin (7)(8 .

3 Area =area OAB + area OBC + area OCD +

area ODA

= (0.5 x 83 x 122 x sin 100°) +
(0.5 x 122 x 106 x sin 60°) +
(0.5 x 106 x 78 x sin 130°) +
(0.5 x 78 x 83 x sin 70°)

=16972

= 16800 m? (to nearest 100 m?)

4 a CSA of roof = 0.5 x 3 x 3 X 5in120° = 3.9 m?

b Volume of garage
=(3.9%9) + (2 x3 xsin 60°x 4 x9)
=222m?

Exercise 5.4.1

1 a HFP=HG?+FG?=4? +4?
HF=+32=57cm
b HB?=HF + BF? =32 +4? =48
HB = /48 =6.9cm
¢ Angle between HF and HB

MCOS BHG =4
BHG = cos! (i) 547

J4s

d XY2=22422=8
XY =+/8=2.8cm

2 a CA2=32452=34
CA =+/34=5.8cm
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Exercise 5.4.1

CE? = EG? + CG?

Now length EG = length CA
CE?=34+22=38
CE=+/38=6.2cm

J34tan ACE =2

Angle ACE = tan—l[ijz 18.9°

NeT
EG? =EH? + HG? =52 + 42 =41
EG = \/47 =6.4cm
AG!=EG?+ AE?=41+12?=185

AG=+185=13.6cm

Angle AGE = tan—l(i)z 61.9°

Jal

EB =72+32=58
EB =+/58

2tan 6 = /58

0= mnl(@]= 75.3°

HF2=32+22=13
HF = V13

\/Ecosﬁ =2
cos_l(\/%J= 56.3°

i DR?=6'+42=36+16=52
DB=+52=72cm

DX:@

2
10sinDAX = g

DAX = sin™! (\/2—5_02) =21.1°

i CE=DB=452
52 cosCED = 6

CED = cos-l(ijz 33.7°

ii

J52

ii 10 cos DBA= @

Angle DBA = cos™! (\/ziozj =68.9

i CE!=82432=73
CE =473 =8.5cm

10

o)

)

ii 9sin CAX = (

3
CAX =sin™! %J =283
i 8tanBDE =3

BDE = tan"! (g) =206
ii 9cosD = @

D =cos! (1£83j =61.7

XY =13¢cos60 =6.5cm

b YZ=13sin60=113cm

Circumference = 2t X YZ = 70.7cm

XZcos40=9
XZ=9+cos40=11.7cm
9tan40 = XY ="7.6cm

PRZ = RS? + SP2 = 19.22 + 162

PR = /19.22+162 = 25.0cm

RV2 = RS? + VS? = 19.22 4 7.2

RV =+/19.22 +7.22 = 20.5cm

PW? = PR2 + RW?2 = 19.22 + 162 + 7.2
PW = /19.22 + 16 + 7.22

PW =26.0cm 5

XY? = XW2 + WY? = (%) + 8

2
XY = [%) 8

XY =12.5cm
SY?=SW? + WY?=20.5% + 8

SY =+/20.5* + 82 = 22.0cm

QT?=8*+6*=100

QT =10cm

TU? = (10— 4)? + 82 =62 + 82 =100
TU=10cm

QU? = 6% + 67

QU =472 =85cm

Using the cosine rule,

102 = 102+ 72 — (2 x 10 x /72 cosU)

cosU = 1z @
2072 20

Angle U = cos_l(%) =64.9°

As QTU is isosceles, angle Q = 64.9°
So angle T =180 — (2 x 64.9) = 50.2°

17
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18  WORKED SOLUTIONS

C

Area of QTU = % X QT x TUsinT
= % x 10 x 10 x sin50.2° = 38.4 cm?

Exercise 5.4.2

4 a

BH? =32 + 4% +32=34
BH = /34 = 5.83cm

. 3
sin BHF = —
\ 34
. 3
Angle BHF =sin™! (—) =31.0°
\ 34

AG:=42+52+ 82 =105
AG=+105=10.2cm

5
sin EGA = E
Angle EGA = sin‘l( ) =29.2°
8 105
sinHAG = E

\105

Angle HAG = sinl(ij =51.3°

BD? = 6% + 32 = 45
BD = /45 = 6.71
cos DBAZO'SXT\/E

Angle DBA = cos7! [\/1_?3] =61.4°

WY? =62+ 52=61

WY =/61=7.81
UX2 =122 — (0.5WY)? = 122 — (0.5/61)
UX =113
tan @ = 25
113
2.

0 =tan-! 22 = 12.5°
113

DB? =10% + 10> =200

DB =200 =10y2 = 14.1

HFP =6 +62=172

HF =72 = 6J2 =849

Construct a perpendicular from H to the
diagonal DB.

Using a and b, distance from perpendicular
along DB to D is 0.5 x (1042 - 64/2) = 242
So (2\/5)2 + h? = 8% where h is the vertical
height

h?=64-8=56
h=1/56=7.48cm
Angle DH makes with the plane ABCD

=sin™! (%) =69.2°

AC?=122+122=1288
AC=4288=12J2=17.0em
EG?’=4*+42=32

EG =32 = 42 =5.66

Construct a perpendicular from E to the
diagonal AC.

Using a and b, distance from perpendicular
along AC to A is 0.5 X (124/2 - 4J2) = 42
So (442)2 + h? = 92, where h is the vertical
height

h?=81-32=49

h=7.00cm

Angle CG makes with the plane EFGH

= sin‘l(g) =51.1°

Exercise 5.5.1

1 a

a6 oo e

Volume =6 x 2.3 x 2 =27.6cm’

Surface area= (2 X 6x2.3)+(2x6%x2) +
(2x23x%x2)

=27.6+24+9.2 =60.8cm?

Volume = nrth = 277.1 cm?

Surface area =27mr(r + h)
=2xXxax35%x35+172)

=2353cm?

Volume =% X5%24%x7=42cm?

Surface area

=(2x1x5%24)+(5x7) +(2x3.46 X 7)
=95.4cm?

Height of cube =2 x 8 = 16cm

Volume = 16% = 4096 cm’

Volume of cylinder =772 x 16 = 3217 cm’
% volume of cube occupied by cylinder =

3217 100% = 78.5%
4096

So % volume not occupied = 21.5%

cross-sectional area = 6 X % X4 x3.5

=42 cm?

b volume =42 x 20 = 840 cm’

Surface area = (6 X 4 x 20) + (2 x 42)
=564 cm?
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Exercise 5.5.2 19

Equating volumes: Tx 2.52x 8 =5 x5 xh
XL X8_ 5
5% 5 '

Volume steel used

= (% (0.36)?x 130) — (7 x (0.35)? x 130)
=130 x 7w x (0.36% — 0.352)

=2.90m’

a Surface area (large) = 6 X 4 X 4
= 4 x Surface area (small)
So Surface area (small) = 24 cm?

b In small cube surface area = 6 X area of
one face = 24 cm?
So area of one face = 4cm?
So length of each edge = J4=2cm

a Surface area of cube = 6 faces of 6 X 6

=216cm?

b Surface area of cylinder

=2xax2)+(2xnx2xh) =216

h= 216-8m _ 15.2cm
4r
¢ Difference in volume = 6> — (7 x 22 x 15.2)
=25.0 cm’

a Surface area of shorter cylinder
=2nx3(3+2)=30r=94.2cm?
b Surface area of taller cylinder
=2nx 1(1 +h)=307%
=30 =27 _ 4
lm
¢ Difference in volume

=(rx3tx2)—(nx12x 14)
=18n— l4n=4n=12.6cm’

Surface area
=(2x3x4)+(2x4x2)+(2x3x2)
=24+4+16+12=52cm?

Surface area
=(2x1x4)+(2x1xh)+(2x4xh)
=8+ 10h=52cm?

So 10h=44,ie. h=4.4cm

Exercise 5.5.2

1 a Volume = 37r>< 6% =905cm’
Surface area = 47 X 36 = 452 cm?

b Volume = %7‘6 % 9.5 =3591 cm?
Surface area = 47 x 9.5 = 1134 cm?

¢ Volume = 37 x 8.2 = 2309.6 cm’
Surface area = 471 X 8.2% = 845 cm?

d Volume = %nx (0.7 =14cm’
Area=4rx (0.7)? = 6.16 cm?

a gmﬁ =720cm’
r=5.6cm

b gmﬁ =0.2
r=0.36=0.4m (1d.p.)

a 4mrt=16.5

r= 165 _ 1.15cm
4
b 4mr?=120mm?

r= 30 _ 3.09 mm
V4
Volume of sphere B= 377:r =2 X volume of
sphere A= 7717 x 53
=250

r=13250=6.30cm

Volume of outer hemisphere = %77: x 5.5°

Volume of inner hemisphere = %717 x 5

So material used = %n (5.5 =5%)=86.7cm’

s - 10) =t x
=2 x 7 + 1000

r=11.9cm

a Volume =47’ =475 10’ = 4190cm’
b Volume = (2 x 10)3 = 8000 cm?
¢ % occupied by ball = gégg x 100 =52.4%

So % not occupied by ball =47.6%

Volume of original ball = %ﬂ: x 20°
Now %77: x 20°=8 x %m@ where r is the radius
of the smaller ball

3
So 1} = 22%, giving r = 10cm

Volume of ball A = % >< 600 = 77TTA
Sor, =4.1cm
Volume of ball B= 2 >< 600 = —m‘B
So 1y =3.6cm

_ _4 3
Volume of ball C = 5% 600 = 370G

Sor.=3.1cm
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20  WORKED SOLUTIONS

10

11

12

13

Volume (cylinder) = mr? x 2r = 2713
Volume (sphere) = %7‘513

Volume (cylinder) : Volume (sphere)
=2.4

N W

6:
3:

Surface area (A) = 41 x 82

Surface area (B) = 47 x 162

Surface area (A):Surface area (B) = 82: 162,
ie,8:(2x8)?=1:4

a Surface area (hemisphere) = % X 471 x 5%
=157 cm?

b Length of cylinder =20 — 5 =15cm

¢ 157+ (mx5%) +2rx5x%x15)
=157+ 257+ 150%
=707 cm?

a Surface area (sphere) = 47 x 8% = 2567
=804 cm?

b Surface area (cylinder) = surface area (sphere)
(2x mr?) + 2rrx 16) = 2567
r2+16r —128=0

Using the quadratic formula

L= —16£416 +512

2

and taking the positive root r = 5.9cm

Exercise 5.5.3

1

a Volume=%xbase><h=%><5><4><6
=40cm’

b Volume =§>< 50 x 8 = 133 cm’
c Areaofba\se=%><6><\/102—62 =24
Volume = ; X 24 X 8 = 64cm’

d Volume:%x6X7x5=7Ocm3

Diagonal? = 5% + 82

Length of diagonal =+/25+ 64 = V89
2
122 =h?+ (@j
2

h2=144-%

h=11.03 *

Volume = £x 8 x 5 x h = 147.1cm’

Surface area = (8 X 5) + (2 x 0.5 x5 x h;) +
(2x0.5%x8xh,)

=12 (]

h, = 11.74
h, = 122 - 42
h, = 1131

Surface area = 189.2

Volume of two pyramids = % X 4 x 4 x height
2
= sz-(@j - 258
2
h=+17

Volume of two pyramids = % x4 x4 x+17
V =44.0cm?
Surface area of one face = % X 4 % \/ﬁ

Total surface area = 16\/7 =73.3cm?

a As edge length of small pyramid is %
original, vertical height of small pyramid
will be in the same proportion to that of the
original.

So height of small pyramid = % height of
original. Let x be the height of the original:

1 _
6+1x—x
3

6—13(
x=8cm

b Volume = x 12 x 12 x 8 = 384cm’

¢ Volume (small) = % x3x3x2=6cm’
Volume (truncated) = 384 — 6 = 378 cm’

Surface area = (18 X 18) + (9 x 9) +

(4 x surface area of each side of trapezium)
Height of trapezium = /142 — 4.5
Area of trapezium = % X142 — 4.57 =178.97

Surface area = (18 x 18) + (9 x 9) + (4 x 178.97)
=324 +81+ 7159
=1120.9cm?

168=%><9><8><h

_168><3_7cm
T 9x8
3x

14=%><7><7

h

x=4cm

8 a Height of original = % X 6=9.6

Height of truncated piece =9.6 — 6 =3.6cm
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Exercise 5.5.4 21

b Volume = % X base area X 6

base area = % X 5 X 5sin 60°

Volumezlx%x5x5x§x6

¢ Volume or1g1nal 3 >< X 8 x 8 % \/3 %X 9.6
=88.7 cm? 2

9 Surface area of one face

=%x2x251n60°:2x§:\/§
Total surface area = 4[ =6.93cm?

10 a Area of one face in

A:%XZOXZOXsin6O°:ZOOx§

Surface area of tetrahedron = 4 x 200 x ﬁ
= 693 cm? Z

b Surface area of A = surface area of B
693 = 122 + 4TF where TF is the area of
one of the triangular faces on the square-

based pyramid TF = 137.25 cm?
¢ 13725=1x12xx -6

g 13125

[§
x=23.6cm

Exercise 5.5.4

1a Lengthofarc—%XZEXS 6.3cm

Area of sector = % X Tx 8 =25.1cm?

b LengthofarC—% X2rx15=2.1cm

Area of sector = % x wx 152 =15.7 cm?

c Lengthofarc=%><27r><6= 11.5cm

Area of sector = ;ég X 7T X 6% =34.6 cm?

d Lengthofarc—% X2rx8=63cm

Area of sector = % X X 5% =58.9 cm?

2 a Length 0farc=%x2n><10=4.19cm
b Total surface area = (4.19 x 3) +
(2x10x3) + (Zx%xnxloz
=114cm?
¢ Volume ofshce—%xnxl()2 x3 =62.8cm?
3 a Volume=1x7x3?x6=565cm’
b Volume=%><ﬂ:><6z><7=Z64cm3

¢ Volume = % x X (0.8)x 2 =1.34cm?

d Volume = % X TX 6% x4.4=166cm’

4 6OO=%X7TXTZX12
72 = 000
4

- /15_0 =691cm
T

5 a Base radius = =100 _ =159cm
r

b 18°=15.92 + h* h=+/18?-15.9?=8.41cm

¢ Volume = %nx (100) x 8.41=12230 cm?
lr
6 a Vertical height = v/16? — 62 = 14.83
Volume = £ x % 62 X 14.83 = 559.2cm’
Surface area = (1 + 62) + (X 6 x 16)
=414.7cm?
b h=+201-15 =175
Volume =1 x x 152 x 175 =3117.0cm’
Surface area = (7 X 15 + (1 x 15 x 20
= 5251 =1649.3
7 Height of cone A

=15 — 52 =200 = 102 cm

Base circumference of cone B is 60 cm.

60 _ 30

T
Volume of cone A = volume of cone B

g><7r><52><10\/__7><7r><(30) X h
b

_ 25022 _ 3 88em
2

So radius of base =

8 a Base circumference = % X2rx9=33.0cm

b Base radius = arcumference +2n

73 0 X 5 2 cm
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10

11

12

13

¢ Vertical height = 9% — 5.25? = 7.3]

d Volume of cone = % X T %525 x7.31

=21lcm?

e Curved surface area =7 x 5.25 x 9 = 148 cm?

Surface area = (r X 8 X 15) + (7 x 8 x 30)
=360r=1131cm?

a Total surface area of first cone
=(rx5%) + (mrx5x%x15) =100 = 314cm*
b Total surface area of second cone =
=(rx8) + (rx8xx)=100%
64m + 8wx=1007
8x =36
x=4.5

a Volume of cuboid =12 x 12 x 16 = 2304 cm?

b Volume of cone = % X TX 6% %16

=603.2cm’
¢ Volume not occupied = 2304 — 603.2
=1700.8cm’

a Radius of smaller cone = % X6 = g

Height of smaller cone

Jo-(3) -1

Volume of smaller cone

2 f
=lxnx(§) X 155=81.6

3 3 3
; _260_o_13
b Radius of larger cone = G X9=5
2
Height of larger cone = ,|9? - (%) = %

Volume of larger cone

2
! (Qj x Y155 _ 9954

=IXTX
) 2

3
¢ Ratio of volumes is
(Q)ZX J155 (g)zx J155
3 3 \2 2
1 1
? : F =8:27

a Height of cone=10-2.5="7.5cm
Total volume
= volume of cone + volume of hemisphere

= (%x Tx2.5 ><7.5)+(%77:>< 2.52) =81.8cm’

14

15

16

b Slant height of cone = /7.5% + 2.5

Total surface area = surface area of cone +
surface area of hemisphere

=(mx25x%x J1.52+2.58 +

(27 x 2.5%) = 101 cm?

a Total volume = volume of cone +volume
of cylinder
= (%x 7[X42X10)+(71’X42X12) =77lcm’
b Total surface area = bottom + cylinder + cone
=(rx4) +Qrx4x12) +

(mx 4 x \/102 +42)
=1121 + 4w x~/116 = 487 m?

Consider a full cone with base 16 cm.

Height of full cone = 18 + x

Using similar triangles B+x_x

ie. 18+ x=4x 8 2

3x=18

x=6

Volume of truncated cone = volume of full
cone — volume of small cone (height 6)

:(%xnx82x24)—%x(ﬂxzz><6)=

1583.36cm’
Volume of shape = 2 x 1583.35 = 3166.7 cm’

a Volume A = % X TX 5% 25 =654.5cm’

b Volume A:Volume B=12:1
So volume B =327.25 = % X TX5Exh
Givingh=12.5cm
¢ Volume of cylinder = 7 x 52 x (25 + 12.5)
=29452cm’

Student assessment 1 (Topic 5)

1

a (_61 _1) (6v 4)
i Distance between points
=122 + 5= 13 units
ii Coordinate of midpoint is
—6+6 -1+ 4) a3
( 2 ) 2 - (O) 2)
b (1,2)(7,10)
i Distance between points
=+/6% +8 =10 units
ii Coordinate of midpoint is

1+7 2+10
1+ = (4,6
(41.2510)= w0

Mathematics Studies for the IB Diploma © Hodder & Stoughton Ltd 2013



Student assessment 2 (Topic 5) 23

(2,6) (-2,3)
i Distance between points
4? + 3% = 5 units
ii Coordinate of midpoint is
2-26+3
—=,—1=(0,45
(5557)- 049
i Distance between points
10? + 24? = 26 units
ii Coordinate of midpoint is

[ 10+o’—10+14) (=5.2)
2 2

i y=x+1
m=1,c=1

i y=3-3x
m=-3,c=3

i 2x—y=—4iey=2x+4
m=2,c=4%

i 2y—5x=8
m—%,c-4
(1,-1) (4, 8)
-1_9
_8--1_9_35
Gradient 4-1 3

Line passes through (1, —1)

—-1=3x1)+c¢, givingc=—-4

Equation is y = 3x — 4

0,73, 1)

1-1_6 __

0-3 -3

Line passes through (0, 7)
=(0x2)+c, givingc=17

Equation is y =—-2x+ 7

Gradient =

Gradient = % = % =2

Line passes through (5, 5)
5=(5x%x2)+c, givingc=-5
Equation is y = 2x — 5
(1,-1) (<1, 7)

. 7—--1_8
Gradient = 1.1 4
Line passes through (1, —1)
—1=(-4x1)+c, givingc=3
Equation is y =—4x + 3

b

x+y=4 (1)
x—y=0 (2)
(1) +(2):2x=4,ie.x=2
In(l)2+y=4,ie.y=2
3x+y=2 (1)
x—y=2 (2)
(I)+(2):4x=4,ie.x=1
In(2)1-y=2,ie.y=-1
y+4x+4=0 (1)
x+y=2 (2)
(1)=(2):3x+4=-2,ie.x=-2
In(2)-2+y=2,ie.y=4
x—y=-2 (1)
3x+2y+6=0 (2)
(1)x2:2x—2y=—4 (3)

(2)+(3):5x+6=—4,ie. x=-2
In(l)-2—y=-2,ie.y=0

Student assessment 2 (Topic 5)
1a

sin30° = g i.e. x=8sin30 = 4.0cm
o __5 _ 15
sin 20 x ie x= n 20—43.9cm
cos60° = M, ie. x= 104 _ 20.8cm
3cos60°
3
sin50° = ,1e.x— i 500—3.9cm

3% +42=50

b q=+122-10* =44 =6.6

3
0s65°

3\
= 6t =93
a (c0565°j - cm

Length of common line is
c

.18
Length of b
ength of base is — >

18
tan 25°

2
q= 482—( ) =28.5cm
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24 WORKED SOLUTIONS

Student assessment 3 (Topic 5)

1 a

o

o0 ot e

tan25° = %

AB=—_ —160.8km
tan 25°

BC? =V AB? + 75 = 177.5km

5

tan0° ==
X

1.5
(x+16)
5 1.5

x  (x+16)

5(x+16) =
2.5x =80
x=232

0= tarrli =8.88°

tanf° =

7.5x

BY = /3207 - 145 =

145
sin BYX = m

-1145 °
BYX =sin 320 = =27

So bearing of Y from X =90 + 27 = 117°
Bearing of X from Y =270 + 27 = 297°

Height of P above ground = 2.8 tan 35°
=1.96km

~ 28
PR=—275 =3.42km
QR?=

2.82+ (1.96 + 0.25)%
QR =+/2.82+2.212=3.57km

AB? =4000? + 164°

AB = /4000? + 164% = 4003 km

—1164 _ o
Angle = tan 4000 =2.35

285m

sin 50° = sin (180 — 50) = sin 130°

sin 150° =sin (180 — 150) =sin30°
cos 45° = —cos (180 — 45) = —cos 135°
cos 120° = —cos (180 — 120) = —cos 60°
sin @ _ sin 30°

26 18

Using the sine rule —

6= sin‘l(—26sm 30 ] = 46° or (180 - 46)°

18
As angle is obtuse 6 = 134°

Student assessment 4 (Topic 5)

1la

EG?=10? + 62
EG=+10?+6 =11.7cm
EC?=10% + 6 + 4%

EC =102+ 62 +4?=123cm
BE = {102 + 42

Angle BEC = cos ! BE — 79

EC

AD =467 +92=10.8cm

b AC=+62+92+5 =119

Let 0 be the angle that AC makes with the
plane CDEF
sinf = 6

AC

0= sin‘li =30°
11.9
Let ¢ be the angle AC makes with
the plane ABFE
Sin q) = E

— i1 2 — 490
¢ =sin~ T 4
c0s 128° = —cos (180 —128) = —cos52°

—c0s80° = cos (180 — 80) = cos 100°

In the isosceles triangle acute angles are

1(180—120) = 30°

PS _ 17
Using the sine rule Sn30°  snl20°
Angle QRS =180 - 90 — 60 = 30°
o_9.8
cos60° = ==
SR
9.8
5s60° =19.6

Let b be the distance from B to the centre
of the base of the pyramid.
tan120 = 146-1.8
b
144.2
b= =678.
tan 12° 4m

A is 678.4 + 25 = 703.4 m from the centre
of the base of the pyramid.
_ 1442
703.4
6= tan~ 42 _ 160
703.4

tan 6
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Student assessment 6 (Topic 5) 25

C

Let a be the distance between A and the
top of the pyramid

sin11.585° = 144-2
a

144.2

=—""=—=7181m
sin11.585°

Student assessment 5 (Topic 5)

1 a

b

Using the cosine rule,
JI2 =252 +12% — (2 x 25%x 12 cos 42°)
JL=18.0m (to 1 d.p.)
Using the sine rule,
sin KJL _ sin 42°
12 18.0
Angle KJL = sin_l(sz 27°
18.0
Angle MJL =70 — 27 = 43°
Let JM = x and using the cosine rule,
20% =x? +17.98% -
(2x17.98 x x X cos43.48°)
x? —26.09x — 76.72=0

26.09 £+/26.092 + 4 x 76.72
2

So x =

x=26.09 +31.43
(2260943143 _Hq ¢

(taking the positive root)

Area of JKLM = area JKL + area ]LM
=(0.5x 25 x 12sin 42°) +

(0.5 x 28.8 x 18sin 43°) = 277.1m?

BD =9+ 92 =162 =12.7cm

cosARD = 0.5 >1<612.7
Angle ABD = cos™! (%) — 66.6=67°
(to nearest degree)

Area ABD =0.5 x 16 x /162 X sin 66.6°
=93.4cm?

Area ABD = 0.5 X base x height

93.4 = 0.5 x /162 X height
Height = 14.7cm

cos710.79 = 37.8 = 38° and

(360 — 38) =322°

cos™1=0.28 = (180 — 74) = 106° and
(180 + 74) = 254°

o6 T e

T e

c
d

e

DC =5+ 3 =34 =5.8cm
BC =+62+3% =+/45 =6.7cm
DB =+/62 + 5 = /61 = 7.8cm

Using the cosine rule,
582=6.74+7.8" - (2x6.7x 7.8 cosCBD)

Angle CBD = cos™! (M) = 47°
2x6.7%x178

Length AC = /5% + 62 + 3* = /70
Angle AC makes with plane AEHD

(5 o
=sin l(ﬁ) =37
PR =+/242+20?=31.2cm
RV =4/242 +92=25.6cm
WP =+/242+202+9? =32.5cm
XY =122 +10* = 15.6cm
SY =+/242 + 9 +10°=27.5cm

Student assessment 6 (Topic 5)

1a
b

2 a

Total surface area = 4 X 7 % 6.5% = 530.9 cm?

Volume = % X TX 6.5 =1150.3cm’

The regular hexagon consists of 6

equilateral triangles with side length of 12.

Area of hexagon = 6 x 0.5 X 12 X 12 X sin 60°
=374.12cm?

Height of side triangle 4/24% — 6% = \/540

Area of 6 side triangles

=6x0.5% 12 x /540 = 836.56 cm”

Total surface area of pyramid

=374.12 + 836.56 = 1210.7 (to 1 d.p.)

Volume = 1 x base area x perpendicular
height
Height = /24> =122 = 124/3
Volume = £ x 374.12 x 12/3 = 2592.0cm’
(to1d.p.)
50 _ 20
360 2nr
Sor=2=229cm
T

Cross-sectional area (CSA) = % X X 22.922
=229.2cm?
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26 WORKED SOLUTIONS

Total surface area

=(2x229.22) + (2x22.92x8) + (20 x 8)
=985.1

Volume = CSA x 8 =229.2 x 8 = 1833.6cm’

Volume of sphere = % X X 6> =904.8cm’

1

Volume of cone = ; X base area X height

3
904.8=%x7r><r2><6
2 9048

i
= 2048 _ 120
m

x =+/12.02 + 6 = /180 = 13.4cm

Surface area of cone

=(mx12)+(wrx12x+/180) =958.2cm?

Ratio of diameter of original cone to
diameter of removed cone =56:28 =2:1

So ratio of height of original cone: height of
removed cone =2:1

If height of remaining truncated cone

= 50mm, height of original cone = 100 mm
=10cm

Volume of original cone

=§><n>< 2.82x10=82.1cm’

Volume of truncated cone = volume
original — volume of removed cone
=821 -1x7wx142x5="718cm’
Volume of cylindrical hole = 7 x 1.42 x 5
=30.8cm’

Volume of remaining truncated cone

=71.8 - 30.8 = 41.1 (using unrounded values)

Exercise 6.3.5

1laxt+7x+12=0

(x+4)(x+3)=0
x=-—4and x=-3
2 4+8x+12=0

(x+6)(x+2)=0
x=-6and x=-2

X +3x-10=0
(x+5)(x=2)=0
x=-5and x=2
xX=3x-10=0
(x=5)(x+2)=0
x=5and x=-2

x2 +5x=—-6

XX +5x+6=0
(x+3)(x+2)=0
x=-3and x=-2
x2 +6x=-9

XX +6x+9=0
(x+3)(x+3)=0
x=-3

xt—-2x=8
xX—2x-8=0
(x—4)(x+2)=0
x=4and x=-2
xt—x=20
xX—x-20=0
(x=5)(x+4)=0
x=5and x=-4
x2+x=30

X +x-30=0
(x+6)(x=5)=0
x=—6and x=5
xX—x=42
xXX—x—-42=0
(x=7(x+6)=0
x=7and x=-6
x2-9=0
(x+3)(x=3)=0
x=-3and x=3
x2 =125
x2=25=0
(x+5)(x=5)=0
x=-5and x=5
x!—144 =0

(x+12)(x=12)=0
x=-12and x=12
4x2-25=0
(2x+5)(2x=5)=0
x=-2.5and x=2.5
9%x¢—=36=0
9(x*-4)=0
I(x+2)(x-2)=0
x=-2and x=2

21 _
xX'—3 0

[x+5)lx-3)=0
—%andx=%
2+6x+8=0

x+4)(x+2)=0
x=—4and x=-2

X
X
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Exercise 6.3.6 27

h xX!-6x+8=0
(x—4)(x-2)=0
x=4andx=2

i xXt-2x-24=0
(x=06)(x+4)=0
x=6and x=—4

i K*-2x-48=0
(x—8)(x+6)=0

x=8and x=-6

a xX+5x=36
2 +5x-36=0
(x+9)(x—-4)=0
x=-9and x=4

b xt+2x=-1
X+2x+1=0
(x+D(x+1)=0
x=-1

c xX-8x=0
x(x—=8)=0
x=0and x=8

d x*-7x=0
x(x=7)=0
x=0and x=7

e 22 +5x+3=0
2x+3)(x+1)=0
x=-=1.5and x=-1

f 2x2-3x-5=0
2x=5)(x+1)=0
x=2.5and x=-1

g x*+12x=0
x(x+12)=0
x=0and x=-12

h x*+12x+27=0
(x+9)(x+3)=0

x=-9and x=-3

i 2x2=172
x=36=0
(x+6)(x=6)=0
x=-6and x=6

j 3x2-12=1288
3x2-300=0
x¢=100=0

(x+10)(x-=10)=0
x=-10and x=10

2+x=12
¥+x-12=0
(x+4)(x-3)=0
x=—4and x=3

10

1

Area=x(x+3) =10
xX+3x-10=0
(x+5)(x=2)=0

Taking the positive value x = 2

x(x+9)=52
x24+9%x-52=0
(x+13)(x—4)=0

Taking the positive value x = 4

Ix2xx(x-3)=18

x*—3x-18=0

(x—6)(x+3)=0

Taking the positive value x = 6

So height = 3 cm and base length = 12cm
1x(x—8)x2x=20

x2—8x—-20=0

(x—=10)(x+2)=0

Taking the positive value x = 10

So height = 20cm and base length = 2cm
% xx(x=1)=15

x!—x-30=0

(x=6)(x+5)=0

Taking the positive value x = 6
So base = 6cm and height = 5cm

(7T+x)(x+2)-x2=50
x4+ 9x+ 14— x2 =50
9x =36

x=4

Garden is 11m X 6m

Exercise 6.3.6

a x*~x-13=0
o LETHaxIX13 12453 _yqy
2 2
and —3.14

b x*+4x-11=0

L AEI6 AT _ 460 _ | g
2

2

and —5.87
¢ X*4+5x-7=0

oo 525428 5453 o,
2

2

and 1.14
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28 WORKED SOLUTIONS

x4+ 6x+11=0

_-6£y36-44 "236_44 No solution

xt4+5x-13=0

_—5*+25+52 _
2
x=9x+19=0

_9:V81-76 _ 95 _56) 1nd 338
2 2

—6.89 and 1.89

x4+ 7x+9=0

‘= —7%449-36
and —1.7
xt=35=0

_0+4x35_
2

4x*—20x+25=0

20 £ /400 — 400 400 400

xt=5x+7= O

_2%v25-128 No solutions
x4+ x—-18=0
_-l+\J1+72
2

x¥-8=0

=OJ_r\/O+32=
2
xr-2x-2=0

_2+J4+8 _
2

xt—4x-11=0

_4+J16+44 _
2

x¥*—x-5=0

_1++v1+20_
2

xt4+2x-7=0

—2+4+28 _
2

2-3x+1=0
_3*y9-4 ~/29—4 —0.38 and 2.62

—7+J_

+/35 =-5.92 and 5.92

20 -5

—4.77 and 3.77

2J2 =-2.83 and 2.83

—0.73 and 2.73

—-1.87 and 5.87

—-1.79 and 2.79

—3.83 and 1.83

X =

f x¥-8x+3=0

_8x64-12 _8+52_ (3904761
2 2

a 2x*-3x-4=0

_3£EN9+32 VZ”Z —_0.85 and 2.35
b 4+ 2x-5=0
- 2%J4+80_ V84+8 ~1.40 and 0.90

c 5x)-8x+1=0

_8+/64-20 _ 8i16/ﬂ=0.14 and 1.46

d -2x¥-5x-2=0

_5+/25-16 _

—4
e 3x2—4x-2=0
_4x\16+24 _
and 1.72
f —7x*—x+15=0

1+JI+42

“14

53

4i6\/%:_039

=-2and -0.5

—1.54 and 1.39

Exercise 6.4.3

1

4

5

Number of viruses after 24 hours =1(1 + 1)%4
=2 =16777216

We need to find x (the number of time
intervals or half-lives) such that
1 =1000(1 — 0.5)% i.e
() =0.001
Try (%)9 —0.0019
(l)m = 0.0009
2

So it will take 10 time intervals, i.e.
10 x 24000 = 240000 years.

Projected population in 2010 would have been
650 x (1.5)% = 4935 million = 4900 million
to 2 s.f.

Quantity remaining after 200 years

=100(0.5)!°=0.098¢

6
Entrants remaining after 6 rounds = 512 (%) =8
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Exercise 7.1.3 29

6 a Area left after 20 years at 5% loss per year
= 1000000 x (0.95)%° = 358485
=358000km? to 3 s.f.

b We need to solve the equation:
500000 = 1000000 x (0.9)%, where x is the
number of years
i.e. (0.9)=0.5
(0.9)¢=0.53
(0.9)7=0.48
So it will take 7 years for the area to cover

less than 500000.

7 100000 = (1 + r)®, where 7 is the rate of increase

1 +r = 201000000

1+r=1.995
Sor=1.0 (to 2 s.f.)

7
-5 <o
8( 10) =%

(1 - i) =05=091 (t0 2 dp.)

100

So x = 9% to the nearest whole number.

Student assessment 2 (Topic 6)

3a xX+6x+8=0
(x+4)(x+2)=0
x=-—4and x=-2

b 2x*+10=12x
2x2—12x+10=0

x—6x+5=0
(x=5)(x-1)=0
x=5and x=1

¢ x¥+10x+25=0
(x+5)(x+5)=0
x=-5

d 3x—4="Tx
3x2—Tx-4=0

4x}—6x+1=0
x=6i\/36—16

8
x=0.191 and 1.31
b 5x*-12x-3=0
x=12i‘,144+60

10
x=2.63 and —0.228

5 Amount after 10 years = 4000(1.075)'°

=€8244.13
6 After 24 hours number of bacteria = x(1.25)%
=211.8x
7 After 21 years fraction remaining = (0.9)?!
=0.109
After 22 years fraction remaining = (0.9)??
=0.098

So after 22 years 10 million barrels will be
reduced to 1 million barrels (i.e. 0.1 of the
original).

8 Fraction of light at 16 metres = (0.875)1¢=0.12
Fraction of light at 17 metres = (0.875)!7

=0.1033
Fraction of light at 18 metres = (0.875)!8
=0.0904
Fraction of light at 17.5 metres = (0.875)!7
=0.0966

So fraction of light will be 0.1 (10%) between
17 and 17.5 metres, i.e. at 17 metres (to the
nearest metre).

Exercise 7.1.3

1 a flx)=xt
/(x) = 42+ = 453
b f(x)=x
f/(x) =5x1 =5x4
¢ f(x)=3x?
(%) = 2 x 33 = 6x
d f(x) =5
f/(x) =3 x5 =15x*
e f(x)=06x
f(x) =3 x 6x>1 =18x*
f f(x)=8x"
f/(x) =7 x 8x™1 = 56x°
2a flx)=10
f(x)=3x %XH = x?
b f(x) = ix4
f(x) =4x %X‘H =x
c flx)= %xz
f'(x) =2 % %xz‘l = %x
d f(x) = 1x*

f(x)=4x %X‘H =23
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30 WORKED SOLUTIONS

63 3yl
ef(x):%x3 d y=6x"-3x"+x
f’(x)=3x%x3*1=%x2 %=3X6x3’1—2><3x2’1+1><x1’1
£ fx) =2 =18x> — 6x+ 1
F(x) =3 x 2ot = 2 o
9 3 e y=12x*-2x*+5
Exercise 7.2.1 jlx=4x 12x%1 - 2% 2x*1+0
1a y=5% =48x> — 4x
B 35012 15¢ f }’Z%x}—%xzﬁ-x—é}
. dy _ 1,31 1,21
b y=7x =L =3 x0T -2xx T+ 1
dx 3 2
%=2><7x“=14x =x-x+1
c yx=4x6 g y=-3x"+4x> -1
%=6X4x6’1=24x5 %=4X—3x4’1+2><4x2’1+0
d yxz 132 =—12x3 + 8x
4
%zzx%xz_lz%x h y=—6x5+3x4—x+1
e yxzzxé B 5% 651 4 4x3xH — 140
3
%:6){%3(6_1:4)(5 :—30X4+12X3—1
£ oy=3 i y=—%x6+%x3—8
4
&y _ 55 312 By @:6X_%x6—1+3><%x3‘1+0
g 50;5:5;:0 4 =—%x5+2x2
dy _ -1 — 34,2
E—OXSXM 0 3ay=x:x 4 x
ho=o dy 41
b 6x1= 6:0= 6
de =2x+1
_ 0
P YT87s by =Xy
&y _ox Lo-1=0 x?
x 8 By x4 P4
23 y=3c+s c ;ix:—6x3+2x2:3x2+x
%=2X3x2’1+4><x1*1 5
* D=2 x3x 141
=6x+4 dx
b y=>5x—2x =6x+1
dy _ _ X0+ K x
2 =3 x50 — 2 x 2x! d y= ==+=
dx . e ) 4x 4 2
:15x2—4x1 dy _ 2Xx2—1+l
c 32109(3—53(2 dx 4
@ _ -l Lyt 1.1
0 3 x 10+ 2 X x =X+

=30x% — x
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Exercise 7.2.3 31

e y=3x(x+1)=3x+3x
&) x3143
dx
=6x+3

f oy=2x(x—-2)=2x—4x
Ay = 35220122 x 42!
= 6x? — 8x

g y=(x+5)=x*+10x+ 25

D% 141040
dx
=2x+ 10

h y=02x-1)(x+4) =
& )24 7
dx
=4x+7

i y=(+x)(x=3)=x>-2x

B30 2% 203
dx

=3xt—4x -3
Exercise 7.2.2
1ay=x'!
o S R
dx
b y=x"
dy _ 3x 3l = 3y
dx
c y=2x7

IV N S P
dx

d y=—x?
By o g xx21 =250

dx

e y= —%x‘g
S
dx ) 3

5

f y= - X
& Y = 5%~ 2y 5l =256
dx 5

3 a f(x)=3x1+2x

f(x)=-1x3x1+2
= 3x2+42

b flx)=2x+x'+1
fx)=2x2x = 1x1 140
=4x— x?

—3x

x) 3l - xt 4+ 2x
= 3x 4 2x 2142
3x‘2 +2x3+2

d f(x)=%+x3=x* + 53

x
f(x) = =3 x x4+ 3531
= 3xt+3x2
e f(x)z%—%+1=2x‘4—x‘3+l
xt x
“(x) =4 x2x° +3x*+0
=-8x” + 3x7*
1 L 12,13
f f(x) 7 +3x3 =X+ 3x
fi(x)=-2x %xf“ 3 x Lyl

2%+ Tx— 4 =x7 —x*

Exercise 7.2.3

1a y=3tl+t

j—z=2x3t2‘1+1:6t+1

b v=2+¢
%—3X2t31+2t21 62 +2
¢

c m=5—¢
‘fi—m—3x5t31 2t =15t —
t

d y=2c!
? —Ix 2= 242
¢

e r=1¢2

2

dr_ 5100 3
o int =—t

f s=¢t—¢?
ds _ 41 4 93 _ 43 4 943
d——4><t +2t7 =4 + 2t
¢

2 a y=3x"+4

=—1x3x =352

Rl
!

b 20—t
=2l -1=2c72 -1
C =2 —l
;
d_ 3 —Ix=1r = 23 4072
dr
|4
d P=—+12
2
P _ 542
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32  WORKED SOLUTIONS

3
nn:%—g; f y:(j%—tx?t—%):Brﬁ—gfs
Z—: %+n31=%+n‘4 %_ 94 + P46 4t
a—Zt—_2 I .
5 Exercise 7.3.1
d—“:—4t—_3—3t2 1a f(x)=
d ° f(x) =
y=x(x+4)=x?+4x f’(3)=2x3=6
Doy b f) = -2
dx f(x) =x
r=t(l—t)=t—¢ f(=3)=-3
dr_q_9, ¢ f(x)=3x —4x* -2
dt £(x) = 9x* — 8x
1 f/(0)=0
v=t&+ﬂ]=1+§ d F) =2+ 25— 1
do_ 30 f(x) = —2x+2
de f(1)=-2+2=0
p—r(——B) Ir — 32 e f(x)——%x3+x—3
g f0==3x2+1
2
a=x(x +2) x’1+% f’(—l):—%—}-l:—%
da __ 2, fQ)=-2x4+1==6+1=-5
dx £ f(x) = 6x
y:t_l(t—lz)ZI—t_3 fllx)=6
t f'(3)=6
dy _
PRk 2a f=lox
X
y=@+De-1) = -1 f(x) = —x?
b_y, f)=-1
de
_1_
r=(-1)2t+2)=2t-2 b ﬂﬁ_;“x
dr_ 4, f/(x) = =2x73
dt (1) =-2
(1 (1oL |
b= ;+1 E_l _t_z_l_t c flx)= ——3x=x - 3x
d_ 53 f(x) = —3x -3
de 3
a=2+0)(E2-2)=1-2c24+0 -2t f2)= 3__%6
da _ 50 -3 1 1 -
dt_3t 2+4t d f(x):x2—2—x23:x2—zx2
3 942 f(x)=2x+x"
U—(%ﬂ'lj(t_l):%—%‘f—t—l f/(_l):_2_1:_3
dv_ 5o 4
E_Zt_?+1
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Exercise 7.3.3 33

e f(x)= —3+x -1
f'(x) = %x_4+2x
1 _ 231
P =-lxlig=32
1 1,1 _

f f(x):;—;-f'zle—
(%) = =2+ 2x72 = 3x74
F2)=-4+16-48=-36
f(-})=—4-16-48 =68

x4 x73

3 N=52-1p

ai N(1)=5 % 4%
ii N3)=5x9— %x27=311
iii N(6) =5 % 36— 1 x 216 = 72
iv N(10) =5 x 100 - 1 x 1000 =0
dN 2

b — =10t - —t
dt

¢ i Whentzl,dg=10—%=8%
i Whent=3,d%=30—%x9:16%
111Whent—6d?N 60—%><36=6
ithem=1o,%N:mo-%xloo:—w

t

h=30t2 - ¢

a i h(3)=(30x9)—27=243m
i h(10) = (30 x 100) — 1000 = 2000m

b 46— 3
dt

c i \X/hentzl,%zlzo—12=108mh‘I
i When =S5, % =300 75=225mh"!

dh

iii When t = 20, =—
dt

Exercise 7.3.2

3 a s=4¢+5¢
ds
== 10
@ 4+ 10t

b 9=4+10t So 10t=5,ie.t= % seconds

¢ When stone hits ground 34 =4 + 10t
10t = 30, i.e. t = 3 seconds

=1200 - 1200 =0mh!

Height of cliff is distance travelled in
3 seconds,

s(3)=(4x3)+(5x3%) =
T=20+12¢2 -8

T(0) =20°C
‘g_m 3¢
i Whent=1,

57m

dr
d

i Whent=4,I=(24><4) -

= 48°C/min

Whent:8,%:(24x8) -

= 0°C/min

36 = 24t — 3¢’

3t - 24t+36=0
—-8t+12=0

(t—=6)(t—=2)=0

So cooker could have been switched off at

t = 2 or 6 minutes.

=24 — 3°C/min

(3 x4%)

(3 x 82)

=2

ii

e T(6) =20+ (12 x36)—216=236°C
Exercise 7.3.3
1a flx)=x}-3x+1
f(x)=2x*1-3=2x-3
b At (2,1)f(x)=2x2-3=1

C

d

b

Gradient of tangent at A is gradient of
curve =1 (as in b)

Tangent passes through A(2, 1)
Sol=1x%x2+c,givingc=-1

Equation of tangent is therefore y = x — 1
Gradient of normal X gradient of tangent = —1
So gradient of normal = —

Normal passes through A(2, 1)
Sol=-1X%X2+c,givingc=3

Equation of normal is y = —x + 3

flx) =2x2 —4x - 2

fx)=4x-4

F(2)=5-4=4

Tangent has gradient 4 and passes through
(2,-2)

So—-2=4x%x2+c,giving c=-10

So equation of tangent is y = 4x — 10
Gradient of normal X gradient of tangent = —1

So gradient of normal = —1
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34  WORKED SOLUTIONS

Normal passes through (2, -2)
So 2———><2+c, giving c = —

N\WNM"’

Equation of normal is y = —1x —
4
orx+4y+6=0

flx) = fx ?—4x-2
fx)=x-4

Gradient at P(0, =2) is
f/(0) =-4

Tangent passes through (0, —2)
So-2=-4x0+c,givingc=-2

Equation of tangent is y = —4x — 2

Gradient of normal X gradient of tangent = —1

So gradient of normal at P = ol ¥

-4 4
Normal passes through (0, —2)

So—2=%><0+c,givingc=—2

Equation of normal is y = %x -2

(x) =—%x2—3x -2

f(x)= —%x -3

f(=2) = (—% X —2) -3=22

So gradient of T, =2

T, passes through P(-2, 6)
So6=-2%x-2+c,givingc=2

Equation of T, is y = —2x + 2

T, has equation vy =10 and gradient m =0
Ath (x) = —x 3=0,ie x=-6

So Q is (-6, 10)

T, and T, intersect where 10 = =2x + 2, i.e.
at x = —4, at the point (-4, 10)

flx) =—x?+4x+ 1

f'(x)=-2x+4
At A(4,1)
f'(4)=-8+4=—4

Tangent passes through (4, 1)
Sol=-4x%x4+c, givingc=17
Equation of tangent is y = —4x + 17
At (2, 5) gradient of tangent T} is
f'(2)=(-2x2)+4=0and
5=0+c

So equation of T, is y =5

6 a

1 a

At A gradient of normal is . %
Normal passes through (4, 1)

Sol =4Xi+c, giving ¢ =0

So N, has equation y = %x

At B the tangent is horizontal so the normal
will be a vertical line passing through (2, 5).
So equation of normal N, at B is x = 2

N, and N, intersect where y = Iyo=

i.e. at (2, %)

i)

f(x) ——lxz—x—4
flx)=—x-1

T has equation y =-3x— 6
Gradient is dy _ -3

At P gradients are equal, so
—-x—-1=-3

x=2

Substituting into equation for the curve
y=-8

So Pis (2, -8)

Exercise 7.4.1

i flx)=x'-4
f'(x) = 2x
ii f(x) is increasing when f’(x) > 0, i.e.
when x >0
i flx) =x*-3x+10
f(x)=2x-3
ii f'(x) >0 when 2x—3 >0, i.e. when x>%
i f(x) =—x+10x — 21
f'(x) =-2x+ 10
ii {'(x) >0 when —2x+ 10> 0, i.e.
when x < 5
i f(x) =x>—12x% +48x - 62
f/(x) = 3x% — 24x + 48
ii f/(x) >0 when 3x* —24x+48>0
xX—8x+16>0
(x—4)>0,ie. when x< 4, x> 4
i f(x) =—x3+25x
f(x) ==3x*+ 25
ii f(x) >0 when —3x%—-25>0

125 5 5
<= e ——= <x<—=

DN NG

i f(x)= lx‘*—%x2
f(x)=x—x
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Exercise 7.5.1 35

ii f(x)>0whenx!—x>0
x(x2=1)>0
If x>0, f(x) >0 when x> 1
If x<O,f(x)>0when-1<x<0

Decreasing when x < 0
Decreasing when x < %

Decreasing when x < 5

a6 o e

f’(x) = 0. Decreases nowhere.

5 5
e Decreases when x < ——=, x > —=
NERONG

f When x > 0 decreases when 0 < x < 1
When x < 0 decreases when x < —1

4 f(x) = +x% - kx
f(x) =3+ 2x -k
If f(x) > O for all x,
3xt4+2x—k>0

2
1 1
3(x+§) —§—k>0
The first term is always positive (or zero) so
f(x) >0 when —% —k>0,ie. when k< —%

Exercise 7.5.1

lai flx)=x)-06x+13

ff(x)=2x-6

ii Stationary points where {’(x) = 0,
i.e. where
2x—6=0
x=3
Ifx=3,y=9-18+13=4
Stationary point at (3, 4)

b i f(x)=x*+12x+35

f'(x)=2x+12

ii Stationary points where f'(x) =0,
i.e. where
2x+12=0
x=-6
Ifx=-6,y=36-72+35=-1
Stationary point at (-6, —1)

c i f(x)=—x*+8x—13
f'(x) =-2x+8
ii Stationary points where f'(x) =0,
i.e. where
-2x+8=0
x=4

Ifx=4,y=-16+32-13=3
Stationary point at (4, 3)

Increasing everywhere but at x = 4 where

d

i f(x)=—06x+7
f(x)=-6
ii f'(x) = 0 nowhere; so no stationary points

i f(x)=x>—12x% + 48x - 58
f(x) = 3x? — 24x + 48

ii Stationary points where {’(x) =0,
i.e. where

3x*—24x+48=0

x—8x+16=0
(x—4)2=0
x=4

If x=4,

y=64— (12 x 16) + (48 x 4)
Stationary point at (4, 6)
i flx)=x—12x
f(x) =3x* - 12
ii Stationary points where {’(x) =0,
i.e. where
3x2-12=0
x¥-4=0
(x+2)(x-2)=0
Atx=2and x=-2
Whenx=2,y=8-24=-16
When x=-2,y=-8+24=16
Stationary points at (2, —16) and (-2, 16)
i flx)=x>—3x*—45x+38
f(x) = 3x? — 6x — 45
ii Stationary points where {’(x) =0,
i.e. where
3x—6x—45=0
xt—2x-15=0
(x=5)(x+3)=0
Atx=5and x=-3

-58=6

When x = 5,

y=5—(3x5%) —(45%x5) + 8=-167

When x = -3,

y=(-3)-(3x%x9)-(45%x-3) + 8=89

Stationary points at (5, -167) and (-3, 89)
i flx)= —x +3 x —4x-5

f(x) =2+ 3x 4
ii Stationary points where f(x) =0,
i.e. where
¥ +3x-4=0
(x+4)(x-1)=0
Atx=—4and x=1
When x = —4,
=H4P+ 2 (4P +16-5=4 =132
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36 WORKED SOLUTIONS

2 —
Whenx=1,y=143_4_5=_71 x*=3x+2=0
nrmhy=sty A= (x-2)(x-1)=0
Stationary points at (—4, 13%) and (1, —7%) Atx=2and x=1
3ai fix)=1-4x—x When x=2,y=|-2x8|+12-8=-1]
| F ) =—4—2x , When x=1,y=-2+3 -4 =-12
ii Stationary points where f’(x) = 0, 3 ) 3 )
i.e. where Stationary points (2, —15) and (1, —13)
4 -2x=0 iii Near x =2
x=-2 f(1.5)=-2%x152+9-4=05
Atx:—zyy:1+8—4:5 f’(3)2—18+18—4:—4
Stationary point at (=2, 5) Gradient changes from positive to
iii Near x = -2 negative as x increases so (2, —1%) is a
f(3)=—4+6=2 maximum.
f(-1)=—4+2=-2 Near x =1
Gradient changes from positive to f(0.5)=-2x052+3-4=-15
negative as x increases so (=2, 5) is f’(1.5) = 0.5 (from above)
a maximum. Gradient changes from negative to
iv f(0) =1 positive as x increases so (1, —1%) is a
bi fix)=ld—4x2+12x-3 minimum.
’ iv f(0) =0

f/(x) =x*—8x + 12

. _3_92_
ii Stationary points where f’(x) = 0, di flx)=x X 30x+4

f/(x) = 3x* = 9x — 30

:ze ._wS};eielz -0 ii Stati()ﬁlary points where f’(x) =0,

b O D) =0 3 9% 30=0

x=Gandx=2 2~ 3x—10+0

Whenx=6, (x—5)(x+2) =0

y=(§x216) - 4 x36)+(12x6)-3=-3 Atxe5and xz -2

When x=2,y=(Ix8]-16+24 -3 =72 When x = 5,

Stationary points at (6, —3) and (2, 7%) y=125- (% X 25) -150+4 = —133%
iii Near x = 2 When x = -2,

f(1)=1-8+12=5 y=-8—(Ix4)+60+4=38

f'(3)=9-24+12=-3 Stationary points are (5, —133%) and

Gradient changes from positive to (=2, 38)

negative so (2, 7%) is a maximum. iii Near x =5

Near x =6 f'(4)=48-36-30=-18

f/(6) =108 — 45 - 30 =33

Gradient changes from negative to

f'(5)=25-40+12=-3
f'(71)=49-56+12=5
Gradient changes from negative to
positive so (6, —3) is a minimum.
iv f(0) =-3
ci fi(x)= —%x3 + 3x% — 4x

positive as x increases so (5, —133%) is a
minimum.

Near x = -2
f/(=3)=27+27-30=24
f[(-1)=3+9-30=-18

B f '(X). = -2 +A6X -4 ) Gradient changes from positive to
ii Stationary points where f’(x) = 0, negative so (-2, 38) is a maximum.
i.e. where iv f(0) = 4
-2x*+6x—4=0
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Student assessment 1 (Topic 7) 37

4ai f(x)=x-9xr+27x-30
f/(x) =3x% — 18x + 27
ii Stationary points where f'(x) =0,
i.e. where
3x2 —18x+27=0
X —6x+9=0
(x=3)2=0
Atx=3
When x=3,y=27-81+81-30=-3
Stationary point at (3, —3)
iii Near x =3
f(2)=12-36+27=3
f'(4)=48-72+27=3
As f’(x > 0) above and below x = 3,
(3, =3) is a point of inflexion.
iv f(0) =-30
b i f(x)=x*-4x>+16x
f(x)=4x> - 12x* + 16
ii Stationary points where {’(x) = 0,

i.e. where
453 = 12x*+16=0
X =3xr+4=0

(x+1)(x*—4x+4)=0

(x+1D(x-2):=0

Atx=-landx=2

When x=-1,y=1+4-16=-11

When x=2,y=16-32+32=16

Stationary points at (—1, —11) and (2, 16)
iii Near x = -1

f/(-2)=-32-48+16=-64

f/(0) =16

Gradient changes from negative to

positive as x increases so (—1, —11) is

a minimum.

Near x =2

ff(1)=4-12+16=8

F3)=4x27)-(12x9) +16=16

As f’(x) > 0 above and below x = 2,

(2, 16) is a point of inflexion.

iv f(0)=0

Student assessment 1 (Topic 7)

1 a }’:X3,@=3x3_1=3x2
X
by=22-x P =2x2 —1=4x-1

x
c y=—1x2+2x,@:2X—1x2‘1+2:—x+2
2 dx 2
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d y:%x3+4xz_x,@:3)(%3(3_1"'83(_1

=2x+8x—1 *
a f(x)=x(x+2)=x+2x
F(x)=2x+2

b f(x)=(x+2)(x=3)=x!-x—-6
f'(x)=2x-1

c f(x)=—x3_x =x}-1

f’(x)szx
d f(x) =%="72 rx
X
f'(x)=x+1

e f(x)= 3 =3x7!
f(x) =X_1 x 3x 17l = 3572
f ) =Xt2 2
f'(x) = Ix— 2x72
a f(x)= %xz +x

f'(x)=x+1
Atx=1,f(x)=2

b f(x) =—x>+2x* + x
f(x)==3x+4x+1
Sof(0)=1

¢ f0) =75+ x
fx)=—x>+1
Sof-1]=8+1=9

d f(x)=(x=3)(x+8)=x*+5x-24
f(x) T 2x +15
Sofly)=5

gradient normal X gradient tangent = —1

a gradient normal = —

I
|
—

b gradient normal = —

O [—= i =

¢ gradient normal = —

d gradient normal = —

NSl B
I
I
=

a s=5¢t
_ds

dt
b After 3 seconds v = 10 x 3 =30 ms™

v

=10t



38 WORKED SOLUTIONS

C

i 42=10t
So stone hits the ground at t =4.2 s
ii Height of cliff, s = 5t!=5x 4.2 =88.2m

Student assessment 2 (Topic 7)

1 a

b

f(x) = +x2 -1
f(x) =337+ 26271 = 3x? + 2x
f'(x) = 0 when 3x% + 2x = 0,
ie, x(3x+2)=0
At x=0and x = —2

3
When x = —%
=844 1-__2B
Y=ETpteT T
. 2 23
So Pis ( 3 —2—7)
When x=0, y=-1
So Qs (0, -1)
Near P, consider the gradient at x =—1
and x = —%:
f[(-1)=3-2=1
=3

'—%— _1=-1

flrg=3-1=

Gradient changes from positive to negative
as x increases, so P must be a maximum.
Near Q, consider the gradient at x = —% and
x=1:

=31
f(1)=5

Gradient changes from negative to positive
as x increases, so Q must be a minimum.

flx) = (x=2)2+3=x?—4x+7
ff(x)=2x—4

f(x) is decreasing when f’(x) < 0
2x—-4<0

2x < 4

x<2

4 a f(x)=xt—2x¢

f(x) = 42> — 4x

b Stationary points when f'(x) =0

453 —dx=4x(x* = 1) =4x(x+ )(x=1)=0
Atx=0and x= =1

Atx=0,y=0,ie. (0,0)
Atx=1,y=-1,ie. (1,-1)
Atx=-1,y=-1,1ie. (-1,-1)

Near x = —1, conlsider the gradients at

—-_3 =_1
X = 2a\ndx 5

73
fl=3) <0
7[ 1
—1>0
3]
Gradient changes from negative to positive
as x increases so (=1, —1) is a minimum.

Near x = 0, consider the gradients at x = —%
1
and x = -
) 2
'’
-1<0
it
Gradient changes from positive to negative
as x increases so (0, 0) is a maximum.

Near x = 1, consider the gradients at x = %
_3
angl x=3
4
f3)>0

Gradient changes from negative to positive
as x increases so (1, —1) is a minimum.
i Graph intersects y-axis when x =0
f(0) =0, i.e.at (0,0)
ii Graph intersects x-axis when x* — 2x*> =0
x4(xt=2)=0
i,e. when x=0, x= t\/z at the points

(0,0), (+/2,0), (—/2,0)
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